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1 Introduction

This document describes an algorithm for perspective mappings between two convex quadrilaterals in 2D.
In 3D, a cuboid is a convex polyhedron with 6 convex quadrilateral faces. It is not possible to extend the 2D
algorithm to all pairs of cuboids in 3D. However, there are subsets of cuboids for which perspective mappings
can be constructed. (The versions of this document through 01April2019 were in error regarding existence
of perspective mappings between two arbitrary cuboids. In particular, the versions were also in error about
the existence of what I called parallaz projections. This document corrects those errors.)

2 Mapping Between Convex Quadrilaterals

The first convex quadrilateral has vertices pgg, P1g, P11, and Py, listed in counterclockwise order. The second
convex quadrilateral has vertices qqg, @19, q11, and g, listed in counterclockwise order. The construction
of the perspective mapping uses 3 x 3 homogeneous matrices and 3 x 1 homogeneous coordinates. Figure 1
shows the two convex quadrilaterals.

Figure 1. Two convex quadrilaterals. The upper-left quadrilateral is to be mapped perspectively to the
upper-right quadrilateral. The transforms A, and A, are affine and F is a fractional linear transformation.
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Affinely transform the source quadrilateral so that pg, is mapped to the origin (0,0), p;y — Py is mapped
to (1,0) and py; — Py is mapped to (0,1). This is equivalent to computing & = (zg,x1) for which a point
p in the upper-left quadrilateral is represented by

P = Poo + T0(P19 — Poo) + Z1(Po1 — Poo) (1)

The representation of py; leads to (zo,z1) = (a,b), which is shown in the lower-left quadrilateral of figure 1.

In homogeneous coordinates we have
M,
1 0 1 1 1

P | _ | Pio = Poo Poir ~Poo ‘ Doo
1 0 0 ‘ 1

where M), is a 2 x 2 matrix whose columns are p,, — pyg and py; — Pgo and where 0" is the 1 x 2 vector of

zeros. Equation (2) defines the 3 x 3 matrix A,. The inverse of the affine transformation maps p to x,
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Similarly, we can write points q in the target quadrilateral as

:A;I

q = qoo + Yo(q10 — 900) + ¥1(q01 — o0) (4)

The representation of g;; leads to (yo,y1) = (¢, d), which is shown in the lower-right quadrilateral of figure
1. Define y = (yo, y1). In homogeneous coordinates,
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where M, is a 2 x 2 matrix whose columns are q;q — ggg and gg; — ggg- The equation defines the 3 x 3

matrix A,. The inverse of the affine transformation maps g to y,

In Figure 1, the lower-left and lower-right quadrilaterals are called canonical quadrilaterals. The first is
mapped perspectively to the second using a fractional linear transformation,
(foozo + for71 + fo2, fro®o + fuim1 + fi2)

Wo,0) = f (o, 21) = faowo + forwy +1 @

The 8 unknown coefficients f;; must be determined from the 4 pairs of related 2-tuple vertices, which leads
to a system of 8 linear equations in 8 unknowns.

The vertex = (0,0) maps to y = (0,0), which leads to fypo = 0 and f12 = 0. The vertex (1,0) maps to
(1,0), which leads to foo/(f20 + 1) = 1 and f19/(f20 + 1) = 0; therefore, foo = foo + 1 and f10 = 0. The
vertex (0,1) maps to (0,1), which leads to fo1/(f21 +1) = 0 and f11/(f21 + 1) = 1; therefore, fo; = 0 and
f11 = fo1+1. Finally, vertex (a,b) maps to (¢, d), which leads to the linear equations foga = ¢(fooa+ fa10+1)
and f110 = d(fa0a + f210 + 1). The fractional linear coeflicients are

_ c(a+b-1)
foo = Geza=1)

for =0,

_ dla+b—1) _ a—ctbc—ad
fll ~ b(ctd-1)° f20 — Ta(crd—1)

fo2 =0, fio =0,

b—d—bctad
for = Wd_ﬁ), (8)

fiz2=0



Substituting these in equation (7), multiply numerator and denominator by ab(c + d — 1), and factor (a —

c+bc—ad)=cla+b—1)—a(lc+d—1)and (b—d—bc+ad) =d(a+b—1) —blc+d— 1) leads to
(be(a+b—1)xzp,ad(a+b—1)x1)

a+b—1)—alc+d—1)zg+aldla+b—1)—blc+d—1))z; +ablc+d—1)

(01) = ©)

The convexity of the p-quadrilateral is characterized by a +b — 1 > 0 and implies that both numerator
coefficients be(a+b—1) and ad(a+b—1) are positive. The denominator is a function of the form koxo+kiz1+ko
where (x,x1)is in the canonical quadrilateral shown in figure 1. The containment constraints are xg > 0,
21 >0, (1 —b)zo+a(ry —1) <0 and b(zg — 1) + (1 — a)z; < 0. The minimum of the denominator subject
to the linear inequality constraints is solved as a linear programming problem that is easily solved. The
minimum must occur at a vertex of the domain. The denominator at (0,0) is ab(c+ d — 1), which is positive
because the convexity of the g-quadrilateral is characterized by ¢ +d — 1 > 0. The denominator at (1,0) is
be(a + b — 1), which is positive. The denominator at (0,1) is ad(a + b — 1), which is positive. Finally, the
denominator at (a,b) is ab(a+ b — 1), which is positive. The minimum of the denominator is positive, which
means equation (9) has no singularities in its domain.

The fractional linear transformation from the g-quadrilateral to the p-quadrilateral is the inverse of the
function in equation (9),

(da(c+d — 1)yo,cb(c+d—1)y1)
dla(c+d—1)—cla+b—1))yo +cb(c+d—1) —d(a+b— 1))y, +cd(a+b— 1)

(w0, 1) = (10)

This may be constructed by simply swapping (zo,x1) and (yo,y1) and by swapping (a,b) and (¢, d) in
equation (9).

The perspective mapping from the p-quadrilateral to the g-quadrilateral is provided by a 3 x 3 homogeneous
matrix and a perspective divide. Define s =a+b— 1 and t = ¢+ d — 1. The homogeneous matrix is

bcs 0 0
DO
F= 0 ads 0 = (11)
AN
b(cs —at) a(ds—bt) | abt

where D is a 2 x 2 diagonal matrix, 0 is the 2 x 1 vector of zeros, €' is a1 x 2 vector and \ is a scalar. The
perspective mapping is

q q .| a
— |~ || = A | — (12)
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where the similarity symbol indicates that the left-hand side is obtained via the perspective divide: g = q’/w.
The 3 x 3 homography matrix H = AqFA;1 is

My ‘ 900 D ‘ 0 M,! ‘ —M, "pyg

H:
OT‘I ET‘/\ OT‘ 1

_ (13)
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Some algebra will show that

H Poo _ abt qqq CH Pio _ bes qq CH Po1 _ ads gy CH P11 _ abs qqq (14)
1 abt 1 bes 1 ads 1 abs

The perspective division leads to the correct mapping of vertices of the p-quadrilateral to the g-quadrilateral.
Generally, the mapping of p to q is

q= (MyD + QOOET)MJI(P — Poo) t+ oo (15)
ETMp_l(p —Poo) + A

Consider the special case when the quadrilaterals are canonical. First, let the source quadrilateral be the
unit square so that (a,b) = (1,1). Equation (9) reduces to

(cxp,dxy)
1—d)zg+(1—c)x1+ (c+d—1)

(Yo, y1) = ( (16)

Second, let thee target quadrilateral be the unit square so that (¢,d) = (1,1). Equation (10) reduces to

(ay07by1)
L=b)yo+ (1 —a)y1 +(a+b—1)

(zo,21) = ( (17)

3 Mapping Between Cuboids

In 3D, a cuboid is a convex polyhedron with 6 convex quadrilateral faces. Let the vertices be p, for 0 < i < 7.
The cuboid faces are specified by 4-tuples of indices, each face having vertices in counterclockwise order when
viewed by an observer outside the cuboid. The faces are Fy = {0,2,3,1}, F; = {0,4,6,2}, F, = {0,1,5,4},
F5 ={7,5,1,3}, F, = {7,3,2,6}, and F5 = {7,6,4,5}. For example, the unit cube is a special cuboid with
Do :((0,0,0)), p, = (1,0,0), p, = (0,1,0), pP3 = (1,1,0), py = (0,0,1), pPs = (1,0,1), Ps = (0,1,1), and
p;=(1,1,1).

There appears to be no perspective mapping that applies to all pairs of cuboids. This section describes the
attempt to construct such a mapping in order to understand why it fails for all pairs.'

3.1 Reduction to Canonical Cuboids

As in the perspective mapping between a pair of convex quadrilaterals, it is sufficient to use affine transfor-
mations to convert the cuboids to a canonical form. Define a canonical cuboid to have vertices ug = (0,0, 0),
u; = (1,0,0), U2 = (071,0), us = (a3,b3,0), Uy = (070,1), us = (a5,0,05), Ug — (O,b(g,C(g), and
u7 = (a7,br,c7). A general cuboid can be affinely transformed to a canonical cuboid by translating p,
to the origin. The vectors p; — py, P2 — Py, and p, are transformed to (1,0,0), (0,1,0), and (0,0,1),
respectively.

As a consequence of the translation and mapping of source edges to the coordinate axes, the vector p; — p,
is transformed into the plane z = 0 as a point (a3, b3, 0). The condition z = 0 is based on the general cuboid

IThanks to Dennis Gustafsson of Tuxedo Labs for reporting that the algorithm of the previous version (April 1, 2019) of
the PDF failed for his data and stating that the mapping appeared not to depend on ps3, ps or pg when it should.



having a planar face {0,2,3,1}. The face must be a convex quadrilateral, which forces az+bs > 1. Similarly,
P — Dy is transformed into the plane y = 0 as a point (as, 0, ¢5) with a5 + ¢5 > 1 and pg is transformed into
the plane = 0 as a point (0, bg, cg) with bg + ¢ > 1.

The vector p, — p, is transformed to (a7, b7, c7). The convexity of the general cuboid implies the convexity
of the canonical cuboid. The vertices ug, w1, us, and uz are those of a tetrahedron. For the canonical
cuboid to be convex and have 6 planar faces for which no 2 adjacent faces are coplanar, it is necessary that
a7+ b7 +c7 > 1.

Faces Fy = {0,2,3,1}, F; = {0,4,6,2}, and Fy, = {0,1,5,4} are planar. For face F3 = {7,5,1,3} to be
planar, v; — vy must be in the span of v3 — vy and vs — vy; therefore,

0= (vr —v1)- (v3—v1) X (V5 —v1) = (—1+ar)bscs + (1 — ag)bres + bzer (1 — as) (18)
For face Fy = {7,3,2,6} to be planar, v; — vy must be in the span of vg — vy and v3 — va; therefore,

0= (v7 —v3) - (Vg — V2) X (V3 —v2) = az(—1+ br)cs + ar(1 — bz)ce + az(1 — bg)cr (19)
For face F5 = {7,6,4,5} to be planar, v; — v4 must be in the span of v5 — vy and vg — v4; therefore,

0= (v7 —v4) - (v5 —v4) X (V6 — V4) = azbs(1 — ¢5) + asbr(1 — c6) + asbs(—1 + ¢7) (20)

If as, b3, as, 5, b, and cg are specified, then (a7, b7, ¢7) is the solution to a linear system defined by equations
(18), (19), and (20),

b305 (]. — a3)c5 (1 — (l5)b3 ar b365
(1 — bS)CG a3Cg a3(1 — bG) b7 - as3Ce (21)
bﬁ(l - 65) a5(1 — CG) a5b6 Cr Cl5b6

3.2 Fractional Linear Transformation for Canonical Cuboids
The fractional linear transformation for cuboids must be of the form

(yo7y1,y2) = f(zo,iﬂl,IQ)

(foozo+forzi+foexa+fos,frozro+fiizi+fiaxe+ fi3,froTo+ fo121+ faoxa+fo3)
faozo+farz1+fazza+1

(22)

Generally, mapping 8 source 3-tuple vertices to 8 target 3-tuple vertices leads to a linear system of 24
equations in 15 unknowns. One would expect that the linear system is usually overconstrained; that is, it
has no solution. As we will see, sometimes it is not overconstrained and has a solutions.

To simplify the presentation, let the source canonical cuboid be the unit cube with vertices ug = (0,0, 0),
u; = (1,0,0), us = (0,1,0), uz = (1,1,0), ug = (0,0,1), us = (1,0,1), ug = (0,1,1), and u; = (1,1,1).
Let the target canonical cuboid have vertices vg = (0,0,0), v1 = (1,0,0), v = (0,1,0), vs = (as, bs,0),



vy = (0,0,1), v5 = (as,0,c¢5), vs = (0,bs, cs), and vy = (ar, by, ¢7). Substituting these into equation (22),

(0,0,0) = (fo3, f13, f23)
(1,0,0) = (foo, f10, f20)/(f30 + 1)
(0,1,0) = (for, fi1, f21)/(f31 + 1)
(a3,b3,0) = (foo + fo1, fio + fi1, f20 + f21)/(f30 + fa1 + 1) (23)
(0,0,1) = (fo2, frz, f22)/(f2 + 1)
(a5,0,c5) = (foo+ foz, fio + fiz, f20 + f22)/(f30 + faz + 1)
(0,06,c6) = (for + foz, fir + fia, far + fa2)/(f31 + fa2 + 1)
(az,b7,¢7) = (foo+ for + foz, fro + fi1 + fi2, foo + far + f22)/(f30 + f31 + faa + 1)
A partial reduction of the equations is

Jos = fi3 = fa3 = fi0 = f20 = for = fa1 = fo2 = f12=0

Joo=fao+1, fii=far+1, foo=fa2+1

(a3, b3) = (foo, f11)/(fs0 + f31 + 1) = (fz0 + 1, fa1 + 1)/ (fs0 + fa1 + 1) (24)

(as,c5) = (foo, f22)/(fso + fa2 +1) = (fao + 1, fa2 +1)/(f30 + fz2 + 1)

(be,c6) = (fi1, fo2)/(far + faa +1) = (fa1 + 1, fso +1)/(fs1 + fa2 + 1)

(a7,b7,¢7) = (foo, J11, f22)/(fs0 + far + fao +1) = (fao + 1, far + 1, fao +1)/(fao + fa1 + fa2 + 1)
The last 4 of these represent 9 linear equations involving known quantities (as, bs, as, cs, be, ¢s, az, bz, c7) with
3 unknowns f39, f31, and f32. For independent known quantities, the linear system is generally overcon-

strained. However, the planar-faces constraints of equations (18), (19), and (20) force dependencies among
the a-, b-, and c-components.

The planar-face constraints can be formulated in terms of the f;; rather than the a-, b-, and c-components,

(177—01)'(113—171) x (vs —v1) = (f12—f21)n0/d =0
(v7 —w2) - (V6 —v2) X (V3 —v2) = (fiz— for)m/d = 0 (25)
(v7 —v4) - (V5 —vyg) X (V6 —va) = (fi2— far)n2/d = 0

where the values of ng, n1, n2, and d depend on the f;; but are irrelevant because fio = 0 and fa; = 0.
If there is a solution for the coefficients f;; of the fractional linear transformation, then necessarily the
planar-face constraints are satisfied.

3.3 Example Where There is a Perspective Mapping

The equation
(ar,b7,c7) = (fs0 + 1, fs1 + 1, fao + 1) /(f30 + f31 + f32 + 1) (26)



can be solved for fsg, f31, and f39,

(2a7,2b7,207,1—|—a7—b7—07,1—a7—|—b7—07,1—a7—b7+07)

) ) ) ) ) = 27
(foos f11, fa2, f30, f31, f32) i (27)
However, the solution forces
(2(17, 2b7) (20,77 267) (2b7, 207)
ag,by) = ———, (as,¢5) = ——————, (bg,c6) = ————————— 28
(a3, bs) 14+ar+b7r—cy (a5, ¢5) 14+a7; — by +cy (bs, ) 1—ar+br+cy (28)

Choose (a7, b7,c7) = (18,20, 56)/83; then (as,bs) = (36,40)/65, (as,c5) = (36,112)/137, and (bg,c6) =
(40,112)/141. Figure 2 shows a rendering of the cuboid.

Figure 2. The cuboid of this section, rendered with Mathematica [1].

3.4 Example Where There is No Perspective Mapping

Let (as, b3,0) = (6,5,0)/10, (as,0,c5) = (3,0,8)/10, and (0, bg, cg) = (0,4,7)/10. The planar-face constraints
have solution (a7,b7,c7) = (18,20,56)/83, which is the same-named vertex of the previous section where
there does exist a perspective mapping. The faces are planar.

Figure 3 shows a rendering of the cuboid.



Figure 3. The cuboid of this section, rendered with Mathematica [1].

However, the system of equations for f;; has no solution, which was verified using Mathematics [1].

4 Perspective Mapping of a View Frustum to a Cube

In computer graphics, world space is mapped to camera space. The latter space has the camera location
E (eyepoint) and coordinate axes D (view direction), U (up direction), and R (right direction). The
set {D,U, R} is a right-handed orthonormal basis; that is, the axis directions are unit length, mutually
perpendicular, and D = U x R. However, the standard treatment of camera space is that it has a left-
handed coordinate system: {R,U, D}. A world point P is represented by

P=E+rR+uU+dD (29)

forr=R-(P—E),u=U-(P—E),andd =U - (P — E). The 3-tuple (r,u,d) is referred to as the
camera-space coordinates of P.

A view frustum defines a region of world space. A scene is culled and clipped so that only that portion
inside the symmetric view frustum is rendered. The view frustum is a cuboid with 6 planar faces labeled as
near, far, right, left, top, and bottom. The near face and far face are parallel. The near face is dp,i, > 0 units
from the camera eyepoint measured in the view direction. The far face is dmax > dpmin units from the camera



eyepoint measured in the view direction. The other faces are defined by the constraints r € [rmin, +7max]
and U € [Umin, Umax] for extreme values satisfying rmax > Tmin and Umax > Umin. The view frustum is said

to be symmetric when 7yin = —7"max and Umin = —Umax-

The view frustum points (xg, z1,22) = (r,u,d) are mapped to a cube with points (yo,y1,y2). For DirectX
graphics, the cube is [—1, 1] x [-1, 1] x [0, 1]. For OpenGL graphics, the cube is [-1,1] x [-1,1] x [-1,1]. The
near-face vertices are ("min, Umin, @min ) ("max, mins @min)s (Tmins Ymax, @min ), a0d (Fmax, Umaxs @min ). The far-
face vertices are obtain from the near-face vertices by multiplying by dmax/dmin. The correspondences for
view frustum vertices and cube vertices are shown in table 1

Table 1. The mapping of view frustum vertices to cube vertices.

frustum vertex DirectX cube | OpenGL cube
("mins Umins dmin) (-1,-1 0) (—1,-1,-1)
("max; Umin, @min) (+L,-L0) | (+1,-1,-1)
(Tmin; Umax; @min) (—1,+1,0) (=1,+1,-1)
(Tmaxs Umaxs @min ) (+1,4+1,0) (+1,41,-1)
(dmax/dmin) (Tmins Umin, dmin) | (=1, =1,+1) | (=1,—1,+1)
(dmax/dmin) (Fmax; Umin; dmin) | (1, =1, +1) | (+1,—1,+1)
(dmax/dmin) (Tmin; Umax, dmin) | (—1,+1,+1) | (=1,+1,+1)
(dmax/dmin) (Tmas: Umases @min) | (41,41, +1) | (+1,+1,+1)

Documentation for the graphics APIs typically define the homogeneous matrices for the perspective mapping.
Because the graphics APIs use left-handed camera coordinates, the second column is negated so that it
corresponds to —D rather than D. For DirectX it is

2dmin 0 _ Tmax+Tmin 0
Tmax —Tmin Tmax —Tmin
0 2dmin _ Umax+Umin O
P — Umax —Umin Umax —Umin (30)
(0.1 = d dinind
O O max _ min@max
dmax —dmin max —@min
0 0 1 0
For OpenGL it is
2dmin 0 _ Tmax+Tmin 0
Tmax —Tmin Tmax —Tmin
0 2dmin _ Umax+Umin 0
P—l 1= Umax —Umin Umax —Umin 31
=] 0 0 dipactdngn | _ 2duindina (1)
dmax —dmin dmax —dmin
0 0 1 0

The mapping with the perspective divide is a tuple of fractional linear transformations similar to the equation
(22). However, the mapping from view frustum to cube is constructed here directly without an intermediate
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canonical cuboid. Let f, = (fio, fi1, fiz, fiz) for 0 < i < 3. Define ® = (x¢, z1,22) and y = (Yo, y1,y2). The
transformations are

(.fO : (a:al)v.fl : (12,1)7_1:2 : (:l?,].)) - (fS ’ (w,l))y =0 (32)
The 8 vertices of the view frustum are mapped to the corresponding 8 vertices of the cube. Equation (32)
represents a linear system of equations with 16 variables f;; and 24 equations. As indicated previously,
there might not be a solution when mapping general cuboids to cuboids. However, for the mapping of a
view frustum to a cube, the linear system has a 1-parameter family of solutions. Any nonzero choice of the
arbitrary parameter is acceptable because the parameter is removed by the perspective divide.

I used Mathematica [1] to solve the linear system in equation (32). The code is shown in listing 1.

Listing 1. Mathematics [1] code for constructing the perspective mappings. For DirectX, r0 is rpin, rl is
Tmaxs UO 1S Umin, Ul iS Umax, d0 1S dpmin, and d1 is dpax.

p0 = {f00, f01, f02, f03}
pl = {f10, f11, f12, f13}
p2 = {f20, f21, 22, f23}
p3 = {f30, f31, {32, f33}
eqn[x0-, x1_, x2_, yO_, y1_, y2.] =
{Dot[p0, {x0, x1, x2, 1}], Dot[p1, {x0, x1, x2, 1}], Dot[p2, {x0, x1, x2, 1}]} — {y0, y1, y2}*Dot[p3, {x0, x1, x2, 1}]

(% View frustum to DirectX cube [—1,1]x[—1,1]x[0,1] %)

el = eqn[r0, u0, dO, —1, —1, 0]

e2 = eqn[rl, u0, dO, 1, —1, O]

e3 = eqn[r0, ul, dO, —1, 1, O]

e4 = eqn[rl, ul, dO, 1, 1, 0]

e5 = eqn[r0*d1/d0, u0+d1/d0, d1, —1, —1, 1]

e6 = eqn[rlxd1/d0, u0xd1/do, d1, 1, —1, 1]

7 = eqn[r0+d1/d0, ulsd1/do, d1, —1, 1, 1]

e8 = eqn[rlxd1/d0, ulxd1/d0, d1, 1, 1, 1]

Simplify[Solve[
el == {0, 0, 0} && e2 == {0, 0, 0} && e3 == {0, 0, 0} &&
e4 == {0, 0, 0} && e5 == {0, 0, 0} && e6 == {0, 0, 0} &&
e7 == {0, 0, 0} && e8 == {0, 0, 0} && f22 == d1/(d1 — d0),
{f00, f01, f02, f03, f10, f11, f12, f13, f20, f21, f22, 23, 30, 31, f32, f33}]]

H
f00 —> —((2 d0)/(r0 — r1)), f01 —> 0, f02 —> (r0 + r1)/(r0 — r1), f03 —> O,
f10 —> 0, f11 —> —((2 d0)/(u0 — ul)), f12 —> (u0 + ul)/(u0 — ul), f13 —> 0,
f20 —> 0, f21 —> 0, 22 —> d1/(—d0 + d1), £23 —> (d0 d1)/(d0 — d1),
f30 —> 0, f31 —> 0, f32 —> 1, 33 —> 0

I3

(* View frustum to OpenGL cube [—1,1]x[—1,1]x[—1,1] %)
el = eqn[r0, u0, dO, —1, —1, —1]
e2 = eqn[rl, u0, dO, 1, —1, —1]
e3 = eqn[r0, ul, dO, —1, 1, —1]
e4 = eqn[rl, ul, dO, 1, 1, —1]
e5 = eqn[r0%d1/d0, u0xd1/d0, d1, —1, —1, 1]
e6 = eqn[rlxd1/d0, u0%d1/dO, d1, 1, —1, 1]
e7 = eqn[r0%d1/d0, ulxd1/d0, d1, —1, 1, 1]
e8 = eqn[rlxd1/d0, ulxd1/d0, d1, 1, 1, 1]
Simplify[Solve[
el == {0, 0, 0} && e2 == {0, 0, 0} && e3 == {0, 0, 0} &&
e4 == {0,0, 0} && e5 == {0, 0, 0} && e6 == {0, 0, 0} &&
e7 == {0, 0, 0} && e8 == {0, 0, 0} && 22 == (d1 + d0)/(d1 — d0),
{f00, f01, f02, f03, f10, f11, f12, f13, f20, f21, f22, 23, f30, f31, f32, f33}]]

{
f00 —> —((2 d0)/(r0 — r1)), f01 —> 0, f02 —> (r0 + r1)/(r0 — r1), f03 —> 0,
£10 —> 0, 11 —> —((2 d0)/(u0 — ul)), f12 —> (u0 + ul)/(u0 — ul), f13 —> 0,
f20 —> 0, f21 —> 0, f22 —> —((d0 + d1)/(d0 — d1)), f23 —> (2 d0 d1)/(d0 — d1),
f30 —> 0,31 —> 0,32 —> 1,33 —> 0

H}
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5 No Perspective Mapping of a View Frustum with Convex Quadri-
lateral Viewport

The attempt to construct a perspective mapping of a view frustum whose viewport is a non-parallelogram
convex quadrilateral fails. The attempt is shown next where the target cube is [—1,1] x [—1,1] x [0, 1].

The convex-quadrilateral view frustum is a cuboid with a near face and a far face that are parallel. Let the
near face have camera-space vertices g, = {(rij, Wij, dmin)} for 0 < i < 1and 0 < j < 1. The vertices are in
counterclockwise order when viewed from the camera eyepoint {q.g, @10, 911,901 }- The far face has vertices
q;j1 = (dmax/dmin)q;;0- The vertex correspondences are the first two columns of table 1.

I tried to use Mathematica [1] to solve for the coefficients of the fractional linear transformations, but some
known mathematical conditions and the presence of more equations than unknowns let to a conclusion that
all coefficients are 0. I manually solved the equations in steps to understand the structure of the linear
system. The 24 equations in 16 unknowns is listed next. The labels are used throughout the steps.

label | equation

(1a) | roofoo + woofor + nfoz + fos + (roofao + woofz1 +nfsz + faz) =0

(1b) | roofio + woofi1 + nfi2 + fi1s3 + (roofs0 + uoofs1 + nfs2 + f33) =0

(1e) | roof20 + uoof21 + nfaz + faz =0

(2a) | r10foo + w10 for + nfoz + fos — (r10f30 + wi0f31 + nfs2 + f33) =0

(2b) | r10f10 +wiof11 + nfi2 + fiz3 + (r10f30 + vi0f31 + nfs2 + fa3) =0

(2¢) | r10f20 +ur0f21 +nfoz + faz =0

(3a) | ro1foo + wo1for + nfoz + fos + (ro1fao + worfz1 +nfsz + faz) =0

(3b) | ro1fio + wo1fi1 +nfi2 + fi3 — (ro1fs0 + wo1fs1 + nfaz + fa3) =0

(3¢) | ro1f20 +uoifo1 +nfaz+ foz =0

(4a) | r11foo + ui1for + nfoz + foz — (r11f30 + w11 f31 + nfaz + f33) =0

(4b) | r11fi0 +urrfi1 +nfi2 + fi3 — (r11f30 + w11 fs1 +nfaz + fa3) =0

(4c) | r11f20 + ui1for +nfaz + faz3 =0 (33)
(5a) | (rood/n)foo + (wood/n)fo1 + dfoz + fos + ((rood/n)fz0 + (wood/n)f31 + dfs2 + f33) =0
(5b) | (rood/n)f10 + (wood/n) f11 + dfi2 + f13 + ((rood/n) f30 + (uood/n) f31 + dfs2 + f33) =0
(5¢) | (rood/n)f20 + (wood/n)f21 + df22 + f23 — ((rood/n) fao + (uood/n) fa1 + dfs2 + f33) = 0

(6a) r1od/n) foo + (u10d/n) fo1 + dfoz + fos — ((r10d/n) fao + (u10d/n) f31 + dfs2 + f33) =0
(6b) riod/n) fio + (u10d/n) f11 + dfi2 + fiz + ((r10d/n) f30 + (u10d/n) f31 + dfs2 + faz) =0
(6¢) ri0d/n) f20 + (u10d/n) fa1 + dfaz + f2z — ((r10d/n) fao + (wr0d/n) fa1 + dfsz2 + fa3) =0

(7¢) ro1d/n) fa0 + (wo1d/n) fa1 + dfaz + faz — ((ro1d/n) fao + (word/n)fa1 + dfsz2 + fz3) =0

)

)

( )

( )

( )
(7a) | (rord/n)foo + (word/n) for + dfoz + fos + ((ro1d/n) fzo + (uo1rd/n) fs1 + dfse + f33) = 0
(7b) | (rord/n)fio + (word/m)f11 + dfi2 + f13 — ((rord/n) fzo + (uo1d/n) f31 + dfza + f33) =0

( )

( )

( )

( )

(( )
(8a) ri1d/n) foo + (u11d/n) for + dfoz + fos — ((r11d/n) fzo + (u11d/n) fa1 + dfs2 + f33) =0
(8b) ri1d/n) fio + (u11d/n) f11 + dfi2 + fiz3 — ((r11d/n) fao + (wi1d/n) f31 + dfzz2 + f33) =0
(8¢) ri1d/n) fao + (u11d/n) fa1 + dfaz + faz — ((r11d/n) fao + (wr1d/n) fa1 + dfsz2 + fz3) =0

Subtract (2¢)-(1c) and subtract (3c)-(1c) to obtain 2 equations in 2 unknowns,

T10 —Too U10 — Uoo f20 0

To1 — Too Uol — U fo1 0
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The rows of the matrix are linearly independent, so the solution must be foo = 0 and fo; = 0. Equation
(1c) becomes nfag + faz = 0. These conditions eliminate equations (1c), (2c), (3c), and (4c). In summary
we know that

J20=0, f2a1 =0, fos = —nfa (35)

The equations reduce to

label | equation

(1a) | roofoo + woofor + nfoz + fos + (roofazo + uwoofz1 +nfsz + faz) =0
(Ib) | roof10 + woofi1 + nfiz + fiz + (roofazo + woofz1 + nfsz + faz) =0
(2a) | ri0foo + uiofor + nfoz + fos — (r10f30 + ui0fs1 + nfa2 + f33) =0

(2b) | r10f10 +wiofi1 + nfi2 + fi3 + (ri0fz0 + wiofz1 + nfs2 + fa3) =0
(3a) | ro1foo + wo1for + nfoz + fos + (ro1f30 + wo1f31 +nfa2 + f33) =0
(3b) | ro1fio +woifi1 +nfi2 + fiz — (ro1f30 + wo1 fa1 +nfz2 + fz3) =0
(4a) | r11foo + ui1for + nfoz + fos — (r11f30 + w11 fs1 + nfaz + fa3) =0

(4b) r11f10 + w11 fi1 +nfie + fiz — (r11fs0 + w11 fa1 +nfse + faz) =0

(5a) | (rood/n)foo + (wood/n)fo1 + dfoz + fos + ((rood/n)fz0 + (wood/n) f31 + dfs2 + f33) =0
(5b) | (rood/n)f10 + (wood/n) f11 + dfi2 + f13 + ((rood/n) f3o + (uood/n) f31 + dfs2 + f3z3) =0 (36)
(5¢) | df22 + f23 — ((rood/n) fso + (uood/n) f31 + dfs2 + faz) =0

(6a) | (r10d/n)foo + (u10d/n)for + dfoz + fos — ((r10d/n) fao + (ui0d/n) f31 + dfs2 + f33) =0
(6b) | (r10d/n)f10 + (v10d/n) f11 + dfi2 + f13 + ((r10d/n) f30 + (u10d/n) f31 + dfs2 + f33) =0
(6¢) | df2z + f23 — ((r10d/n) fs0 + (u10d/n) f31 + dfs2 + f33) =0

(7a) | (rord/m)foo + (uord/n)for + dfoz + fos + ((rord/n)fso + (vord/n) f31 + dfs2 + f33) =0
(7b) | (ro1d/n)fi0 + (wo1d/n) f11 + dfi2 + f13 — ((ro1d/n) fao + (wo1d/n) f31 + dfs2 + f33) =0
(7c) | df2z + f23 — ((ro1d/n) fso + (uo1d/n) f31 + dfs2 + f33) =0

(8a) | (r11d/n)foo + (ur1d/n)for + dfoz + foz — ((ri1d/n)fzo + (u11d/n) fa1 + dfs2 + f33) =0
(8b) | (r11d/n)fi0 + (u11d/n) f11 + dfi2 + f13 — ((r11d/n) fao + (u11d/n) f31 + dfs2 + f33) =0
(8¢c) | df2z + f23 — ((r11d/n)fs0 + (u11d/n) f31 + dfz2 + f33) =0

Subtract (6¢)-(5¢), subtract (7c)-(5¢), and multiply the resulting equations by n/d to obtain 2 equations in
2 unknowns,
710 —To0  U10 — U00 I30 _ |0 (37

To1 — Too Upl — U0 fa1 0

The rows of the matrix are linearly independent, so the solution must be f3y = 0 and f3; = 0. Equation
(5¢) becomes (dfaz + fa3) — (dfse + fss) = 0. These conditions eliminate equations (5¢), (6¢), (7c), and (8c).
In summary we know that

fa0 =10, fo1 =0, fa3 = —nfa

(38)
f30 =0, fs1 =0, (dfoz + fo3) — (dfs2 + f33) =0

The equations reduce to the following, where (5a) through (8b) are multiplied by n/d to allow comparisons
among the equations for the 7;;- and wu;;-terms,
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label | equation

(1a) | roofoo + woofor + ((nfo2 + fo3) + (nfzz + f33)) =0
(Ib) | roofio +woofi1 + ((nfiz2 + f13) + (nfz2 + f33)) =0
(2a) | T10foo +u10fo1r + ((nfo2 + fo3) — (nfs2 + f33)) =0
(2b) | r10f10 +urofi1 + ((nfiz2 + f13) + (nfzz + f33)) =0
(3a) | ro1foo + wo1for + ((nfoz + fo3) + (nfs2 + f33)) =0
(3b) | ro1fi0 + wo1fi1 + ((nfi2 + f13) — (nfz2 + f33)) =0
(4a) | r11foo +wi1for + ((nfo2 + fo3) — (nfs2 + fa3)) =0
(4b) | r11fi0 +uirfi1 + ((nfiz2 + f13) — (nfs2 + f33)) =0 (39)
(5a) | roofoo + woofor + (n/d)((dfoz + foz) + (dfs2 + f33)) =0
(5b) | roofio + woofi1 + (n/d)((df12 + f13) + (dfs2 + f33)) =0
(6a) | ri0foo + urofor + (n/d)((dfoz + foz) — (dfsz + fa3)) =0
(6b) | ri0f10 +uiofi1 + (n/d)((dfi2 + f13) + (dfs2 + f33)) =0
(Ta) | ro1foo + woifor + (n/d)((dfoz + fos) + (dfs2 + fz3)) =0
(7b) | ro1f10 +worfi1 + (n/d)((df12 + f13) — (dfs2 + f33)) =0
(8a) | r11foo + w11 for + (n/d)((dfoz + foz) — (dfs2 + f33)) =0
(8b) | ri1fi0 +ui1fi1 + (n/d)((dfiz + f13) — (dfs2 + f33)) =0

Subtract (5a)-(1a), subtract (5b)-(1b), subtract (6b)-(2a), and subtract (7b)-(3b) to obtain (fo3 + f33)(n —

d)/d =0, (fiz + fz3)(n —d)/d = 0, (fos — f33)(n — d)/d = 0, and (f13 — f33)(n — d)/d = 0. These imply
fo3 =0, fi3 =0, and f33 = 0. In summary we know that the following hold (with some algebra),

f20 =0, fo1 =0, faz = —nfao
f30 =0, f31 =0, fso = ((d—n)/d)f2 (40)
foa =0, fis=0, fs3=0

The equations reduce to

label | equation

(1a) | roofoo + woofor + n(foz + fa2) =0
(1b) | roofio +woof11 + n(fi2 + f32) =0
(2a) | r10foo + u10fo1 + n(foz — f32) =0
(2b) | r10f10 + uiof11 + n(fi2 + fa2) =0
(3a) | 7o1foo + wo1for +n(foz + f32) =0
(3b) | ro1fio +worfi1 +n(fi2 — fa2) =0
(4a) | r11foo + wi1for + n(fo2 — fz2) =0
(4b) | r11fi0 +wirfi1 +n(fiz — f32) =0 (41)
(5a) | roofoo + uoofor + n(foz + fz2) =0
(5b) | roofio + woofi1 + n(fi2 + f32) =0
(6a) | r10foo +wiofor +n(fo2 — f32) =0
(6b) | r10f10 + ui0f11 + n(fi2 + fa2) =0
(7a) | ro1foo + wo1for + n(foz2 + f32) =0
(7b) | ro1fio + wo1fi1 + n(fi2 — fa2) =0
(8a) | r11foo + w11 for + n(fo2 — fa2) =0
(8b) | r11fio +wirfir +n(fiz — f32) =0
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Observe that (1*) and (5%) are the same, (2*) and (6*) are the same, (3*) and (7*) are the same, and (4*)
and (8*) are the same. The relevant equations are now

label | equation

(1a) | roofoo + woofor + n(foz2 + f32) =0

(1b) | roofio + woofi1 + n(fi2 + f32) =0

(2a) | r10fo0 + wiofor + n(fo2 — fz2) =0

(2b) | r10f10 + wi0f11 + n(fi2 + f32) =0 (42)
(3a) | ro1foo + wo1for +n(foz + fz2) =0

(3b) | ro1fio +worfi1 + n(fi2 — fz2) =0

(4a) | ri1foo + ui1for +n(foz — f32) =0

(4b) | r11f10 +wirfi1 +n(fi2 — fa2) =0

The coefficient f3o depends on fzo. We have 8 equations in 7 unknowns foo, fo1, fo2, fi0, f11, fi2, and fos.
As in the case of a general view frustum, it appears that foo can be a free parameter, so we have 8 equations
in 6 unknowns.

Subtract (2a)-(1a), subtract (3a)-(1a), subtract (2b)-(1b), and subtract (3b)-(1b) to obtain a

(r10 — 700) foo + (w10 — woo) for =
ro1 — T + (uo1 — w =0
(ro1 — 700) foo + (101 — wo0) for (43)
(rio —700) fro + (w11 — wo) f11 =0
(ro1 — 700) fro + (o1 — woo) f11 =
where ¢ = (2n(d — n)/d) faz # 0. As a matrix system we have
10 — T Uy — U c 0
MEF — 10 —Too U0 — Ugo foo  fio _ o (44)
To1 —Too U0l — Upo for fun 0 ¢

where [ is the 2 x 2 identity matrix. The rows of M are linearly independent, so M is invertible. The
solution is F' = cM 1.

The nonexistence of a perspective mapping is based on the final analysis of (4a) and (4b). The linear
independence of the rows of M allow us to represent (r11 — roo, 411 — %oo) = a(r10 — o0, U10 — U10) + b(r01 —
00, Uo1 — Uoo) for coefficients a > 0, b > 0, and a + b > 1. The conditions for the coefficients is based on the
viewport being a convex quadrilateral. Substituting the representation into (4a) and (4b) and regrouping
terms leads to

a((ri0 — r00) foo + (w10 — u10) fo1) + b((ro1 — r00).foo + (w01 — uoo) fo1) = ¢
a((ri0 — r00)f10 + (w10 — u10) f11) + b((ro1 — r00).f10 + (w01 — u00) f11) = ¢

Using equation (43), we obtain (a(c) + b(0) = ¢) and (a(0) + b(c) = ¢). Given that ¢ is not zero, the
only possible conclusion is that ¢ = 1 and b = 1, which forces the convex quadrilateral viewport to be a
parallelogram.

(45)
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