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This document describes representing circles and spheres with NURBS. For more information about NURBS,
a good engineering-style approach to NURBS is [3]. An excellent book covering the mathematics and
modeling with splines is [1]. A more mathematically advanced presentation is [2].

1 Introduction

A NURBS curve in 2D is generated by a homogeneous B-spline curve in 3D,
n
(@(w),g(u),w(w) =Y Nia(w)wi(Ci,1) (1)
i=0

where the 3D curve has n + 1 control points (C;,1) [the C; are 2-tuples], n + 1 weights w;, and degree d
with 1 < d < n. The functions N; 4(u) are the B-spline basis functions, which are defined recursively and
require selection of a sequence of nondecreasing scalars u; for 0 < i < n+d+ 1. Each u; is called a knot and
the total sequence is called a knot vector. The basis function that starts the recursive definition is

1, u; <u<uip
N;o(u) = ' ' (2)
0, otherwise
for 0 < i < n +d. The recursion is
U — U Uitj+1 — U
N, i(uy=—N; ;i _1(u) + —————— N;1;_1(u 3
m( ) Uiyj — Ui 4,7 ( ) Uigji1 — Uig i+1,7 ( ) ( )

for1<j<dand 0<i<n+d—j Equation (1) uses only the final evaluations in the recursion, N; 4(u)
for which 7 =d and 0 < ¢ < n. The 2D curve is obtained by the perspective division,

(@(w), y(u)) = (2(u), y(u)) /w(u) (4)

In the section on circle representations, I will discuss NURBS curves that produce circular arcs. Each curve
will be listed with its n, d, u;, C;, and w;.

A tensor-product NURBS surface in 3D is generated by a homogeneous B-spline surface in 4D,

(s‘c(u, ”U), g(u’ U)a Z(Uv U), w(u’ ’U)) - Z Z Nio,do (U)Nih(h (v)wioil (Cioiu 1) (5)

10=01,=0

where the 4D surface has an (ng + 1) x (ny + 1) array of control points (Cl,,,1) [the C;,;, are 3-tuples],
an (ng + 1) x (ny + 1) array of weights w;,;,, and degrees do and dy with 1 < dy < ng and 1 < dy < n;.
The functions N, q,(u) and Nj, 4, (v) each have a knot vector and are B-spline basis functions generated by
equations (2) and (3). The 3D surface is obtained by the perspective division,

(@(u, v),y(u, v), 2(u,v)) = (2(u, v), §(u, v), 2(u, v)) /w(u, v) (6)

In the section on sphere representations, I will discuss NURBS surfaces that produce spherical regions; each
surface will be listed with its ng, n1, do, di, s, vi, Ciyiy, and wyyq, -



2 Representing a Circle

Several representations are provided for a quarter of a circle in the first quadrant. A representation is also
provided for half a circle. All these representation use the same knot pattern involving only the repeated
zeros and ones at the beginning and end of the knot array. Finally, a representation for a full circle is created
from that of the half circle by introducing a repeated knot of one-half that has the effect of splicing together
two regular NURBS surfaces.

2.1 Quarter Circle

Consider the quarter circle in the first quadrant, 22 + y? = 1 with 2 > 0 and y > 0.

2.1.1 Degree 2

A quadrant of a circle can be represented as a NURBS curve of degree 2. The curve is 22 +y? =1, 2 > 0,
y > 0. The general parameterization is

(i’(u),g(u), w(u)) = wO(l - u)2(1707 1) + w12u(1 - u)(la 1; 1) + w2u2(0a 13 1) (7)

for u € [0, 1]. The parameterization is a ratio of quadratic polynomials, (z(u), y(u)) = (Z(u)/w(u), §(u)/w(u)).
The requirement that x(u)? + y?(u) = 1 leads to the constraint 2w? = wows.

The choice of weights wg = 1, wy = 1, and wo = 2 leads to the parameterization

— U2 u
(), y(u)) = T2 )

If you were to tessellate the curve with an odd number of uniform samples of u, say u; = i/(2n) for 0 < i < 2n,
then the resulting polyline is not symmetric about the midpoint u = 1/2.

To obtain a symmetric tessellation you need to choose wg = wy. The weight constraint then implies wy =
w1v2. The parameterization is then

(V2(1 — u)? + 2u(l — u), 2u(l — u) + V2u?)
V2(1 — )2 + 2u(1l — u) + V2u?

(@(w), y(u)) = (9)

The NURBS parameters are the following. There are 3 control points, so n = 2. The degree is d = 2. The
knot vector is {ug, uy, us, us, ug, us} = {0,0,0,1,1,1}. The control values are Cy = (1,0), C; = (1,1), and
C, = (0,1). The weights are wg, w1, and wy subject to the constraint 2w$ = wows.

2.1.2 Degree 4

An algebraic construction of the same type produces a ratio of quartic polynomials. The control points and
control weights are required to be symmetric to obtain a tessellation that is symmetric about its midpoint.
Define Py (u) = (1 —u)?*u¥ for d > 0 and 0 < k < d. The NURBS curve is

(Z(u), g(uw),w(uw)) = Pro(w)woe(1,0,1) + 4Py (w)wi(z1,y1,1) + 6Py o(u)wa(ze, 2,1)
—+ 4P4,3(u)w1(y1, I, 1) =+ 13474(U)’LU0(O7 1, 1)

(10)



The parameterization is a ratio of quartic polynomials, (z(u),y(u)) = (Z(u)/w(u), §(u)/w(u)). We have one
degree of freedom, choosing wy = 1 which effectively divides the numerators and denominators by wy.

To be a circle, we need z(u)? + y(u)? = 1, which is equivalent to 7%(u) + 4%(u) — w?(u) = 0. Some algebraic
manipulation leads to

Swi(zy —1)] +

12wq (e — 1) + 16w? (23 + 32 — 1)] +

8wy (y1 — 1) + 48wywa(za(xy +y1) — 1)] +

16w? (2z1y; — 1) + 18w (223 — 1) — 1]

The four u-polynomials are linearly independent in the vector space of u-polynomials, which means their
four coefficients must all be zero,

wy(z1 —1)=0
Bwa(re — 1) +dwi(z? +y3 —1)=0 (12)
wy(yr — 1) + 6wywa(xa(x1 +y1) — 1) =0
16w? (2z1y; — 1) + 18w (223 —1) =1 =0
The solution space is constrained to w; > 0, wy > 0, 1 > 0, y; > 0 and x2 > 0. It cannot be that wy = 0;
for if it were, the fourth equation requires wy # 0. The first equation implies 1 = 1 and the third equation

implies y; = 1. The second equation then implies w; = 0, which is a contradiction. The conclusion is that
weg > 0.

If w; =0, then 29 =1 and we = 1/4/18. The values of z; and y; are irrelevant, because w; = 0 annihilates
the (z1,y1,1) and (y1, 1, 1) terms in equation (10), leading to the parameterization

(Z(u), §(u), wlu)) = (1 —u)*(1,0,1) + vV2(1 — u)?u?(1,1,1) + u*(0,1,1) (13)

A plot of the parameterized curve (Z(u)/w(u)),y(u)/w(u)) shows that the curve is indeed a quarter circle.
Multiplying numerators and denominator of the parameterized curve by v/2 leads to a parameterization
similar to that of equation (9).

If wy # 0, then z; = 1. Using Mathematica [4], the equations (12) were solved with free variable wq to
produce

wy = —— I2:1—77 Yy1 = o— (14)

or

11 1 ~ Buwa+1)v2-1 7
w12\/2+<1+\/§>(3w21), To = 6U}2 7y1*\/§71 (15)

where wy > 1/3.
Thus, we have at least one more degree of freedom and there are infinitely many solutions. For example, if
we choose w; = 1, then there are 2 possibilities for the remaining parameters: (y1,z2,ws) = (1/(2v/2),1 —

V2/8,2v/2/3) and (y1,x2, ws) = (V2 — 1, (44v/2 — 1)/79, (16 — 74/2)/6). With these choices, Mathematica
verified that x(u)?+y(u)? = 1 and parametric plots of (z(u),y(u)) were indeed quarter circles. Mathematica



also symbolically generated solutions to the constraints when asked to solve for y;, z2, and ws in terms of
wi.

The NURBS parameters are the following. There are 5 control points, so n = 4. The degree is d = 4. The
knot vector has 10 components with u; =0 for 0 < i <4 and u; = 1 for 5 < i < 9. Assuming the constraints
of equation (12) are satisfied, the control values are Cy = (1,0), C1 = (z1,41), C2 = (22, 22), C3 = (y1, 1),
and Cy = (0,1) and the weights are wy = wyq = 1, we, and wy = ws.

2.2 Half Circle

This section describes a symmetric parameterization of the half circle 22 + y? = 1 for y > 0. The NURBS
curve has degree 3. The control values are chosen to be (1,0), (1,a), (—1,«) and (—1,0) where o > 0 and
the weights are chosen to be wg = w3 = 1 and w; = wy = w > 0. The parameters o and w must be chosen
so that we indeed obtain a half circle. The curve is

(1 —u)3(1,0) + 3u(l — u)w(l, a) + 3u?(1 — ww(—1,a) + u3(—1,0)

((u), y(u)) = (1 — )3+ 3u(l — u)2w + 3u2(1l — w)w + u? (16)

Symbolic manipulation of z(u)? + y(u)? = 1 leads to the constraints w = 1/3 and o = 2.

The NURBS parameters are the following. There are 4 control points, so n = 3. The degree is d = 3. The
knot vector has 8 components with u; = 0 for 0 < ¢ < 3 and u; = 1 for 4 < ¢ < 7. The control values are
Cy=(1,0),Cy =(1,2),Cs =(—1,2), and C35 = (—1,0). The weights are wop = w3z = 1 and wy = wy = 1/3.

2.3 Full Circle

The full-circle curve can be obtained by splicing together two half-circle curves as constructed in the previous
section (d = 3). The 7 control values (n = 6) are in the counterclockwise order (1,0), (1,2), (—1,2), (—1,0),
(—=1,-2), (1,-2), and (1,0). Observe that the first and last controls are duplicated in order to close the
curve. The splicing occurs at the control value (0, —1). Rather than duplicate the control, the splicing is
accomplished by choosing an interior knot of 1/2 with multiplicity 3; the knots are u; = 0 for 0 < i < 3,
u; = 1/2for4 <i <6, and u; =1 for 7 < i < 10. Note that the number of knots is as required: n+d+2 = 11.

Equation (2) provides the initial functions for starting the recursion. These are N;o(u) = 0 for i €
{0,1,2,4,5,7,8,9} and
Nio(u) = {1, uwel0,1/2); 0, we[l/2,1)} a7)
N6,0(u) = {07 u € [07 1/2)7 17 u e [1/27 1)}
For j = 1, equation (3) produces N; 1(u) =0 for ¢ € {0,1,4,7,8} and
Noj(u) = {1—-2u, uwel0,1/2); 0, u€[1/2,1)}
N3i(u) = {2u, u € [0,1/2); 0, we[l/2,1)} (18)
Ns1(u) = {0, uwel0,1/2); 2—2u, uwell/2,1)}
Ne1(u) = {0, uwel0,1/2); 2u—1, well/2,1)}



For j = 2, equation (3) produces Nz 2(u) = 0, N7 2(u) =0, and

Nio(u) = {(1-2u)? u€[0,1/2); 0, €[1/2,1)}
Noo(u) = {2(2u)(1—2u), we]0,1/2); O, €[1/2,1)}
Nia(u) = {(2u)% ue0,1/2); 0, €[1/2,1)} (19)
Nya(u) = {0, uw€0,1/2); (2—2u)?, u € [1/2,1)}
Nso(u) = {0, uw€[0,1/2); 2(2u—1)(2—2u), wue(l/2,1)}
Neo(u) = {0, we0,1/2); (2u— 1) €[1/2,1)}
For j = 3, equation (3) produces
Nog(u) = {(1-2u)? u€0,1/2); 0, €[1/2,1)}
Nis(u) = {3(2u)(1-2u)? wuel0,1/2); O, e1/2,1)}
Nos(u) = {3(2u)*(1—2u), uel0,1/2); 0, we[1/2,1)}
Niz(u) = {(2u)?, u€10,1/2); (2 —2u)3, u € [1/2,1)} (20)
Nys(u) = {0, u€0,1/2); 3(2u—1)(2—2u)?, wel[l/2,1)}
Nss(u) = {0, we€0,1/2); 3(2u—1)%(2—2u), ue(l/2,1)}
Nes(w) = {0, wel0,1/2); (2u—1)%, € [1/2,1)}

The last set of functions, N; 3(u), are what are used in the NURBS curve definition. Observe that the only
function that has nonzero expressions for both u € [0,1/2) and uw € [1/2,1) is N3 3(u). This is where the
splicing occurs. The weights are the same as in the half-circle case. Table 1 summarizes the control points
and weights.

Table 1. The control points, weights, and intervals of the domain for the circle.

controls (1,0) (1,2) (-1,2) (-1,0) (-1,-2) (1,-2) (1,0)
weights 1 1/3 1/3 1 1/3 1/3 1

w € [0,1/2) (1 —2u)® 3(2u)(1 —2u)? 3(2u)%(1 — 2u) (2u)? 0 0 0
u€[1/2,1) 0 0 0 (2 —2u)® 3(2u—1)(2—2u)? 3(2u—1)%(2—2u) (2u—1)3

For u € [0,1/2), the NURBS curve has nonzero weights only for the first four control points. For v € [1/2,1),
the NURBS curve has nonzero weights only for the last four control points.

2.4 Acute Arc of a Circle

Given a circle centered at the origin and having radius 1, consider an arc that subtends an acute angle. The
arc endpoints are (o, yo) and (z2,y2) with 22 + y2 = 1 and 23 + y3 = 1. The angle subtended by the arc is
determined by cos @ = (zg, yo) - (%2, y2) = Toz2 + Yoy2 with 6 € (0,7/2]. The desired NURBS curve for the
arc is

(z(u), §(u)), w(u)) = wo(l — u)* (20, yo, 1) + wi2u(l — u)(x1,y1,1) + wou’(xa, y2,1) (21)



for some choice of weights w; and 2D control points (x;,y;) for 0 <i < 2.

Tangent rays at the arc endpoints are (xg,yo) + $(—yo,xo) for s > 0 and (z2,y2) + t(y2, —x2) for t > 0. A
symmetric tessellation is obtained by choosing the control point (z1,y1) on the bisector of the tangent rays.
This control point is necessarily outside the circle. Figure 1 illustrates the configuration.

Figure 1. Computing the control point (z1,y;) from the arc endpoints (xg,yo) and (z2,y2).

4
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The choice of (z1,y1) must be made so that (x1 — 2o, y1 — yo) is tangent to the arc at endpoint (zg, yo) and
(21 — x2,y1 — y2) is tangent to the arc at endpoint (22, y2). The tangent directions are perpendicular to the
arc endpoints, (—yg, Zg) for the endpoint (xg,yo) and (y1,21) for the endpoint (z1,y;). The intersection of
the two tangent lines is determined algebraically by

(0, 90) + s(—Yo, To) = (T2, y2) + t(y2, —T2) (22)

The parameter solutions are s =t = (zox2 + yoy2 — 1)/(xoy2 — x2yo). The control point on the bisector is

(z1,91) = (0, 90) + s(—¥0, o) = (y2 — Yo, To — x2)/(Toy2 — T2y0) (23)
Observe that
(r1,91) - (w0, 90) = 95% + y(ZJ =1l=vy x7 +y7 cos(6/2)
(z1,91) - (T2,92) = 25 +y5 = 1 = \/x] + y{ cos(0/2) (24)
z1 +yi = 2(1 — woxa — yoy2)/(Toy2 — T210)”

Symmetry is obtained by choosing ws = wg > 0. We can choose w; = 1 because the NURBS polynomial is
homogeneous in (wg, wy,ws). The 2D curve for the arc is obtained by the perspective division,

(@(u), y(w) = (2(u)/w(u), §(u) /@ (u)) (25)



To represent a circular arc, we need z(u)? + y(u)® = 1 or equivalently Q(u) = z(u)? + y(u)? — w(u)? = 0.
Using Mathematica [5], @(u) is reduced to

Qu) =2 (2(=14 a7 + 7)) + wj (=1 + zox2 + yoy2)) u’ (1 — u)? (26)

The polynomial Q(u) is identically zero when

2(zf +yi - 1)

Wo =
1 —xox2 — Yoy

, W1 = 1, Wy = Wy (27)
The fraction argument of the square root function has positive numerator and positive denominator. For a
quarter circle with (zo,v0) = (1,0), (z1,y1) = (1,1), and (x2,y2) = (0,1), we have wy = v/2, w; = 1, and
wo = /2, which agrees with equation (9).

Figure 2 shows a NURBS curve for a circular arc. The figure was drawn using the ParametricPlot function of
Mathematica [4].

Figure 2. A NURBS curve for a circular arc on the circle 2 4+ y? = 1. The blue curve is the circle drawn
using trigonometric functions. The gold curve is the NURBS curve for the arc. The description of the arc
occurs after the figure.
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The blue curve is a quarter of a circle, parameterized by (cos(mu),sin(7u)) for u € [0,1]. The gold curve is
an arc of a circle. The endpoints are (zg,yo) = (cos(w/6),sin(7/6)) and (x2,y2) = (cos(37/8),sin(37/8)).
The angle between the endpoints is ¢ = 57/24. The parameterization is

wo(1 —u)?(zo,y0) + w12u(l — u)(x1,y1) + wor? (w2, y2)
wo (1 —u)? + wi2u(l — u) + wou?

(z(u), y(u) = (28)

where (z1,y;) is from equation (23) and wy = v/2, wy = 1, and wy = /2 are from equation (27).



2.5 Obtuse Arc of a Circle

The algorithm for representing an acute arc applies to an obtuse arc as long as the subtended angle is smaller
than 7 radians. However, for angles nearly w radians, the bisector control point that is the intersection of
tangent lines is extremely far away from the origin. This will lead to numerical problems when using
floating-point arithmetic.

Instead, decompose the obtuse arc into a minimum number of acute arcs. Choose as many subarcs as is
necessary where each subarc is subtended by 7/2 radians except possibly for the last arc whose subtending
angle is smaller than 7/2 radians.

3 Representing a Sphere

3.1 One Octant of a Sphere
3.1.1 Nonsymmetric, Degree 4
An octant of a sphere can be represented as a triangular NURBS surface patch of degree 4. A simple

parameterization of £2 + 2 + 22 = 1 can be made by setting 2 = 22 4+ y2. The sphere is then 72 + 22 = 1.
Now apply the parameterization for a circle,

(1 —u?,2u)
(T7 Z) = 1 + u2 (29)
But (z/r)? + (y/r)? = 1, so another application of the parameterization for a circle is
(r,y) (1 —22%20)
= 30
r 1 +0? (30)
Combining these produces
1—u?)(1—v?), (1 —u?)2v,2u(l 2
(el 0),y(u,0), 2w, v) = EZDEZ ) O 020 201 2 V) (1)

(14 u?)(1+v?)

The components are ratios of quartic polynomials. The domain is u > 0, v > 0, and u+v < 1. In barycentric
coordinates, set w = 1 — u — v so that u + v + w = 1 with u, v, and w nonnegative. In this setting, you
can think of the octant of the sphere as a mapping from the wvw-triangle with vertices (1,0, 0), (0, 1,0), and
(0,0,1). Although a valid parameterization, a symmetric subdivision of the the uvw-triangle does not lead
to a symmetric tessellation of the sphere.

3.1.2 Symmetric, Degree 4

Another parameterization is provided in [2]. This one chooses symmetric control points and symmetric
weights,

4 4—1
> im0 20 Wisja—i—j Pija—i—jBij(u,v)
4 4—1
D im0 20 Winga—i—j Bij(u, )

(x(u, v),y(u,v), z(u,v)) = (32)



where

4! Coa
= W u>0, v>0, t=1—u—v>0
ilgl(4 — i — j)!

are the Bernstein polynomials. These can be written in a triangular form,

Bi»j (u’ U)

v

43t du®
6v%t?  12uv’t 6uv?
qot?  12uwt? 12020t 4udv

4 4ut3 6u?t? dudt  ut

In the implementation I allow for derivative computation through order 2. The partial derivatives dB/du

are
0

—403 43

—120%t 120%(t —u)  12uv?

—120t? 120t(t — 2u) 12uv(2t —u) 12uv

—4t3 482(t — 3u)  12ut(t—u)  4u(3t —u) 4ud

The partial derivatives 0B/0v are

403

402 (3t —v)  12uv?

120t(t —v) 12uv(2t —v) 12uv

442(t — 3v)  12ut(t —2v) 12u?(t —v) 4ud

—t3 —12ut? —12u?t —4u® 0

The partial derivatives 92B/0u? are

0

0 0

1202 —2402 1202

24t —24v(2t —u) 24v(t — 2u) 24uw

1262 —24t(t —u)  12(t2 — dut +u?) 24u(t —u) 12u?

10

(35)

(36)



The partial derivatives 92 B/dudv are

0
—1202 1202
—12v(2t —v) 120(2t — 2u —v) 24uv (38)
—12t(t — 2v)  12(t* — 2ut — 2vt 4 2uv)  12u(2t —u —2v) 12u?
12¢2 —12t(t — 2u) —12u(2t — u) —12u?t 0
The partial derivatives 92 B/0v? are
1202
24v(t — v) 24uv
12(¢2 — 4ot + %) 24u(t —2v)  12u? (39)
—24t(t — v) —24u(2t —v) —24u? 0
12 24ut 122> 0 0
The control points P; j  are defined in terms of three constants ag = (V3 — 1)/v/3, a; = (V3 +1)/(2V3),
and ag = 1 — (5 — v2)(7 — V/3) /46,
Py (0,1,0)
Pos31 Pigp (0,1,a0)  (ao,1,0)
Pyro P21 Pag = (0,a1,a1) (ag,1,a2) (ai,a1,0) (40)
Poiz P2 Pai Psio (0,a0,1)  (az,a2,1) (1,a2,a2) (1,a0,0)
Pyos Pios Pooz Psor Paoo (0,0,1) (ap,0,1)  (a1,0,a1) (1,0,a9) (1,0,0)

The control weights w; ;5 are defined in terms of four constants, by = 4v/3(v/3 — 1), b1 = 3v/2, by = 4, and

bs = V2(3 +2v2 — V3)/V/3,

Wo40

Wop31  W130

Wop22 Wi121  W220
W13  Wi12 W211
Woo4 W103 W202

bo
b1 by
= by by bo (41)
w310 bi bz b3 b
w301 Wa00 bo b1 b2 b1 bo

Both the numerator and denominator polynomial are quartic polynomials. Notice that each boundary curve
of the triangle patch is a quartic polynomial of one variable that is exactly what was shown earlier for a

quadrant of a circle.

11



3.2 A Half Sphere

The construction of a half sphere as a NURBS surface of degree 3 in each of u and v is similar to that for
the half circle. For the half circle, we had control points at the circular poles (0,1) and (0, —1), each with
associated weight 1. We postulated two other control points, («,+1) and determined that o = 2 and that
the weight w = 1/3.

The idea extends to 3D. We will select two control points at the circular poles (0,0,1) and (0,0, —1). We
can add control points of the form (2,0,+£1) to form a half circle; each point has an associated weight 1/3.
Now we can add more control points of the form (2, 5,+1) to extrude the half circle to a half sphere; each
point has an associated weight w. To obtain a tensor product surface, we need a rectangular array of control
points. The poles account for 2 and the other points account for 8. To pinch off the surface at the poles, we
can require each pole to occur 4 times. We then have 16 control points to work with. Symbolic manipulation
to force x(u)? + y(u)? + z(u)? = 1 leads to % = 16 and w = 1/9. Choose the half sphere where y > 0, so

8 =4.

The knot vectors are the standard uniform ones, u; = v; =0 for 0 < i <3 and u; =v; =1for4 <i <7.
Table 2 lists the control points, weights, and basis functions.

Table 2. The control points, weights, and basis functions for the half sphere. Each cell has the control point
C;; and the weight w;;. The basis function corresponding to that term is formed from the polynomials that
tag the row and column.

(1 —u)? 3(1 —u)?u 3(1 — u)u? u?
(1—-wv)? (0,0,1), 1 (0,0,1), 1/3 (0,0,1), 1/3 (0,0,1), 1
31—v)*v | (2,0,1), 1/3 (2,4,1), 1/9 (-2,4,1), 1/9 (-2,0,1), 1/3 (42)
31 —vp?| (2,0,-1), 1/3 | (2,4,—1), 1/9 | (=2,4,-1), 1/9 | (=2,0,-1), 1/3
v (0,0,—1), 1 (0,0,—1), 1/3 | (0,0,—1), 1/3 (0,0,-1), 1

Mathematica was used to verify symbolically that z2 + 3% + 22 = 1.

3.3 Full Sphere

A full sphere can be formed from two hemispheres by splicing in a manner similar to that for generating
a circle from two half circles. The u-knot vector is the standard uniform one with u; = 0 for 0 < 7 < 3
and u; = 1 for 4 < 7. However, the v-knot vector has 11 elements with v; = 0 for 0 < ¢ < 3, v; = 1/2 for
4<1<6,and v; =1 for 7 <i < 10. Tables 3 and 4 show the control points, weights, and B-spline functions.
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Table 3. The control points, weights, and basis functions for the sphere when v € [0,1/2). The basis
function corresponding to that term is formed from the polynomials that tag the row and column.

(1 —20)3 3(20)(1 — 2v)2 [3(2v)2(1 — 2v) | (2v)?3 0 0 0
(1 —w)® [(0,0,1),1 (0,0,1),1/3 |(0,0,1),1/3 (0,0,1),1 (0,0,1),1/3 (0,0,1),1/3 (0,0,1),1
3(1 —u)?u(2,0,1),1/3, [(2,4,1),1/9 [(=2,4,1),1/9 |[(=2,0,1),1/3 |(=2,—4,1),1/9 [(2,—4,1),1/9 [(2,0,1),1/3
3(1 — w)u? (2,0, -1),1/3,|(2,4,-1),1/9 [(=2,4,—1),1/9|(=2,0,—1),1/3| (=2, —4, —1),1/9|(2, =4, —1),1/9|(2,0, —1),1/3
u® (0,0,-1),1 |(0,0,—-1),1/3 [(0,0,—1),1/3 |(0,0,—1),1 (0,0,-1),1/3 (0,0,-1),1/3 {(0,0,—1),1

Table 4. The control points, weights, and basis functions for the sphere when v € [1/2,1). The basis
function corresponding to that term is formed from the polynomials that tag the row and column.

0 0 0 (2 — 2v)3 3(2v — 1)(2 — 20)?[3(2v — 1)2(2 — 2v) [ (2v — 1)3
(1—w)® [(0,0,1),1 (0,0,1),1/3 |(0,0,1),1/3 (0,0,1),1 (0,0,1),1/3 (0,0,1),1/3 (0,0,1),1
3(1 —u)?u|(2,0,1),1/3, [(2,4,1),1/9 |(=2,4,1),1/9 [(-=2,0,1),1/3 |[(=2,—4,1),1/9 |(2,—4,1),1/9 (2,0,1),1/3
3(1 —w)u?|(2,0,-1),1/3,[(2,4, -1),1/9|(=2,4,—-1),1/9( (2,0, —1),1/3| (=2, —4,—-1),1/9 |(2,—4,-1),1/9 [(2,0,—1),1/3
u® (0,0,-1),1 |(0,0,-1),1/3((0,0,—1),1/3 |(0,0,—1),1 (0,0,-1),1/3 (0,0,-1),1/3 (0,0, -1),1

The control points (0,0, 1) and (0,0, —1) each occur 7 times to pinch off the surface at the poles. The control
points (2,0,1) and (2,0, —1) each occur 2 times to wrap the surface around the up-axis.

4 Implementation

The implementations for NURBS circles are found in NURBSCircle.h and a sample application illustrating
this is in the folder GeometricTools/GTE/Samples/Mathematics/NURBSCircle. Figure 3 shows a screen capture
with 4 circular components.

Figure 3. A screen capture from the sample application NURBSCircle.
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The thick green curves are circular components computed using trigonometric functions. The thin blue
curves are the same components computed using NURBS. The lower left is a quarter circle of degree 2

(Section 2.1.1), the lower right is a quarter circle of degree 4 (Section 2.1.2), the upper left is a half circle of
degree 3 (Section 2.2), and the upper right is a full circle of degree 3 (Section 2.3).

The implementations for NURBS spheres are found in NURBSSphere.h and a sample application illustrating

this is in the folder GeometricTools/GTE/Samples/Mathematics/NURBSSphere. Figure 4 shows screen captures
with 3 spherical components.

Figure 4. Screen captures from the sample application NURBSSphere. The left image has an eighth sphere
of degree 4 (Section 3.1.2). This is a triangle-patch surface. The middle image has a half sphere of degree

3 in each of its 2 parameters (Section 3.2). The right image has a full sphere of degree 3 in each of its 2
parameters (Section 3.3). The half and full spheres are rectangular tensor-product patches.
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