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1 Introduction

The 7-parameter Helmert transformation [1] is designed to rotate (by a matrix R), translate (by a vector
T), and uniformly scale (by a scalar s > 0) one 3D point set, {qi}?_:ol, to be as close as possible to another
3D point set, {p, ?;01. The transformation is based on a least-squares algorithm. The error function to be
minimized is

E(R,T,s)=) _|sRq; +T —p,|’ (1)
i

The rotation matrix is represented as a product of Euler rotations, say, R(ag, a1, as2) = Ro(ao)R1(a1)Ra(az).
The translation vector is T' = (¢, t1,t2). The uniform scale is s. The error function is therefore dependent
on 7 parameters.

Helmert’s approach uses the input point sets as is. However, the framework is simplified by translating
both point sets by the average of the g-points given by g = (>, q;)/n. The average of the p-points is
P = (>, p;)/n. Define u; = p; — q and v; = q;, — g for all i. The average of the v-points is the zero vector.

Observe that

sRg; +T —p; = sRv;+q)+T— (u;+7q)
= sRv;+(T—-q+sRq) —u; (2)
= SsRv,+ B —u;

where the last equality defines B. After the translation by the average of the g-points, the function to
minimize is
F(R,B,s) = Y,|sRvi+B—u’
= 23, v]vi+2sY,(B—uw)"Ru; +> (B —u;)" (B —u;) (3)
= 23, vlvi—2s> u]Rv;+ (B —u;)" (B —u,;)

where ) B'Rv;,=B'R >; vi = 0 because the average of the v-points is the zero vector.

In the next section we will see that B = p. The Helmert paper has T' = p — sRq. In this document we have
T =p+7q— sRq. The g-points average is added to undo the translation by that average when generating
u; and v; from p; and gq;, thereby producing the alignment in the original coordinate system.

2 Derivatives of the Least-Squares Function

Half ‘he S-deri\/ali\/e iS
B S ll Ui V; : “’i RUrL ( )

5= Z u; Rv; / Z vlv; (5)
i i
Half the B-derivative (a 3-tuple gradient) is

d
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which has the B-root

This is the average w of the u-points.

Half the a;-derivative is
1 dF 3R
I T ; 8
2 da; Zuz aa (8)

The first fractional term on the right-hand side of the equation is the uniform scale s. This is assumed to
be positive, so the a;-root of the derivative is a solution to

ZuTaR i =0 (9)

An iterative numerical method for minimization can be formulated to search the 3-parameter space of Euler
angles for the minizing angles. One such method cycles through the angles by keeping 2 of the Euler angles
constant and solving equation (9) for the other Euler angle.

2.1 Solving for Euler Angle 0

Let j = 0, where the rotation corresponding to the Euler angle and its derivative are

cosag —sinag O —sinag —cosag O
. IRy .
Ro(ag) = | sinag cosag 0 |, Dan cosag —sinag 0 (10)
0
0 0 1 0 0 0

For a specified rotation matrix R(ao,a1,a2) = Ro(ag)R1(a1)Ra(az), the derivative equation for which we
seek the minimum with respect to ag is

8R OR
0= ZUT Z Rlevl = ija—on (11)
where £; = u; and r; = Ry Rov; for all i. As 3-tuples, define £; = ({;0,4;1,4:2) and r; = (750,71, 742); then

OR .
Z EITOTz (COS ao) Z(fﬂ’l‘io — &07“1‘1) — (sm ao) Z(ziOTiO + 51‘17”1‘1) (12)

i i
The equation can be solved for

(>_i(lirrio — iorin), Y i (Liorio + Cirrin))
VO, Uirio — Liorin))? + (O, (Ciorio + Lirrin))?

(sinag, cosag) = +




2.2 Solving for Euler Angle 1

Let j = 1, where the rotation corresponding to the Euler angle and its derivative are

cosa; 0 sina; —sina; O cosai
OR,y
Ri(a1) = 0 1 0| 3o = 0 0 0 (14)
—sina; 0 cosa; —cosa; 0 —sina;

For a specified rotation matrix R(ao,a1,a2) = Ro(ag)R1(a1)Rz(az), the derivative equation for which we
seek the minimum with respect to a; is

0:ZuTa—va Z TRO@Rz 1*231%7’1 (15)

where €, = Rlw; and r; = Rov; for all i. As 3-tuples, define £; = ({0, i1, li2) and 7; = (140,71, 742); then
T 3R1 :
0= ZE (cosay) Z(ﬁioriz — Liari0) — (sinay) Z(fiorio + liori2) (16)
i i
The equation can be solved for

(> Wioria — Liario), Y, (LioTio + LioTi2))

(sinag,cosay) =+ (17)
Vi Wioriz — liario))? + (X, (Liorio + liariz))?
2.3 Solving for Euler Angle 2
Let j = 2, where the rotation corresponding to the Euler angle and its derivative are
1 0 0 0 0 0
OR
Ry(a2) = | 0 cosay —sinas | ?12 =10 —sinay —cosas (18)
2
0 sinao COS a9 0 cosas —sinas

For a specified rotation matrix R(ag,a1,a2) = Ro(ag)R1(a1)Ra(as), the derivative equation for which we
seek the minimum with respect to ag is

0= Zujg Zu R0R1 ZeTaR? : (19)

where £; = (RoR1)Tu; and r; = v, for all i. As 3-tuples, define £; = (£;0, £;1,¢i2) and 7; = (740, 7:1,7:2); then

OR .
O = Z KTTQQT, = (COS ag) Z(&Q"’il — EilTiQ) — (SIH CLQ) Z(ﬁﬂml + g@g?"m) (20)

i i
The equation can be solved for

(D Wigrin — Linria), >, (Linrin + Lioriz))
\/(Zi( ioTi1 — Lirin))? + (Zi(&ﬂ”ﬂ + liorin))?

(sinag, cosag) = +

(21)



3 Iterative Algorithm for Minimization

The Euler angles for the minimum of F in equation (3) are constructed by cycling through the angles and com-
puting the solutions of equations (12), (17), and (21). For each iteration, compute R = Rg(ao)R1(a1)R2(az)
for 2 of the Euler angles treated as constants and then solve the correpsonding equation for the othe Euler
angle. Once the rotation is known, equation (5) is used to compute the uniform scale s. The translation B
is provided by equation (7) but must be adjusted to be in the original coordinate system.

The steps are as follows.

1. Inputs: {w;}I'~; and {v;}72; "

2. Compute the averages w = (D, u;)/n and v = (3, v;)/n.

3. Replace u; < u; —v and v; < v; —v. The centroid of the adjusted v-points is now at the origin. The
adjusted u;-points are translated by the centroid amount.

4. Set B=u—1.

5. The initial guess at rotation R is the identity matrix I, so ag = a3 = ag = 0. The matrixes Ry(ay),
Ri(a1), and Ra(ag) are stored during the iterations to find the minimizer angles.

6. Cycle through the Euler angles for a gradient-descent-like algorithm. The subroutine for this algorithm
is listed after the current set of steps. The subroutine returns updated R and s values. The cycles
terminate when F(R, B, s) meets a user-specified criterion. For example, the criterion might be that
the difference in F-values for 2 consecutive cycles is sufficiently small.

7. Restore B to the original coordinates: T'= B 4+ v — sR©. Although it appears that you could choose
B =w and T = B — sR, this is not correct because the evaluation of F(R, B, s) relies on B to be
the difference of the averages.

8. Outputs: R, T, and s.
The cycle through the Euler angles consists of the following. The steps for updating (sin ag, cosag) are:

1. Compute 7; = Ry (a1)Ra(az)v; for all i.
2. Solve equation (12) for (sinag, cosag).

3. Compute Rp(ag) using equation (10). The choice of sign is irrelevant. It might be negative initially,
but on convergence, it should be positive. In worst case, if the final result has a negative scale, replace
s by —s and R by —R.

4. Compute R = Ry(ag)R1(a1)Ra(as).
5. Compute s using equation (5).
6. Compute F(R, B, s) using equation (3).

The steps for updating (sinaq,cosay) are:

1. Compute £; = Rg(al)ui for all 1.



2. Compute r; = Ry (ag)v; for all i.

3. Solve equation (17) for (sinaj,cosay). The choice of sign is irrelevant. It might be negative initially,
but on convergence, it should be positive. In worst case, if the final result has a negative scale, replace
s by —s and R by —R.

4. Compute Rj(ay) using equation (14).
5. Compute R = Ry(ag)Ri(a1)Ra(az).
6. Compute s using equation (5).

7. Compute F(R, B, s) using equation (3).
The steps for updating (sin as, cosaz) are:

1. Compute Kz = (Ro(ao)Rl(al))Tui for all i.

2. Solve equation (21) for (sinasg,cosag). The choice of sign is irrelevant. It might be negative initially,
but on convergence, it should be positive. In worst case, if the final result has a negative scale, replace
s by —s and R by —R.

3. Compute Ry(az) using equation (18).
4. Compute R = Ry(ag)R1(a1)Rz(asz).
5. Compute s using equation (5).

6. Compute F'(R, B, s) using equation (3).
The implementation is in the Geometric Tools file

https://www.geometrictools.com/GTE/Mathematics/Helmert Transformation7.h
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