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1 Introduction

This document describes the Cendes—Wong algorithm [2] for interpolating arbitrary point sets with elements
(@i, vs), f(@i,vs), fo(®i,vi), fy(zi,ui)) for 0 < ¢ < N. The interpolating function f(z,y) has continuous
first-order derivatives. The points (z;,y;) are arbitrarily spaced. At each point (z;,y;) the user specifies the
function value f(x;,y;) and its two first-order partial derivatives f,(z;,y;) and fy(2;,y;). The outline of the
algorithm is as follows.

1. Triangulation. The spatial points must be triangulated. Generally, one chooses a Delaunay triangula-
tion; see [4].

2. Subdivison. Fach triangle is subdivided into six triangles. The subdivision requires knowledge of the
inscribed centers of the triangle and its adjacent triangles.

3. Bézier net construction. Each subtriangle is further subdivided into four triangles. This subdivision is
affine and the partition is used to build a quadratic function via the Bézier triangle method described
in [3]. The quadratic function for a single triangle is, of course, a C! function, but additionally the
interpolation is C' at the vertices and edges shared with other triangles.

The interpolator accepts as input a spatial location (z,y) and returns as output the interpolated values for

f(@,y), fo(z,y) and f,(z,y).

The reduced computation of this algorithm compared to that for cubic interpolators is attractive. The
setup costs for the interpolation are assumed to be negligible compared to the cost of interpolation for a
large number of input points. Because the interpolation guarantees only O continuity, an application that
requires C? continuity must use a different interpolation algorithm. This is true, for example, when the
application requires smoothly varying normal vectors or must compute surface curvatures.

The interpolation has local control. If the function or derivative values are modified at a single data point,
then the affine subdivision of the triangles sharing the data point does not change, but the function values at
the control points generated by subdivision must be recomputed. If the spatial component of a single data
point is modified, then the affine subdivisions of the triangles sharing the data point change. These changes
are propagated to any adjacent triangles of those which share the data point, but no farther.

I provide a generalization of the Cendes—Wong algorithm to graphs of functions f(x,y, z,w). The ideas work
in general dimensions. I also mention how you can apply the ideas to a 2-dimensional manifold triangle
mesh as long as you have a package to generate 2-dimensional surface parameters (automatically generated
texture coordinates, so to speak).

Many of the computations in this document were verified using Mathematica [5]. All figures in this document
were drawn using the same package.



2 Mathematical Preliminaries

2.1 Barycentric Coordinates

Let a triangle have vertices p,, p;, and py,. Any point p can be written as a linear combination of the
triangle vertices,

P = UoPy + u1py + u2py, o +ur +uz =1 (1)
The coefficients (ug, u1,us) are the barycentric coordinates of the point p with respect to the triangle. If p
is inside the triangle or on a triangle edge, we additionally know that u; € [0,1]. If p is outside the triangle,
at least one of the u; is negative. The definition is independent of dimension; the vectors can be in R™ for
any n > 2.

The ug, u1, and us in equation (1) are a solution to a system of linear equations. Subtracting p, from the
equation for p, using us = 1 — ug — uq, and grouping terms leads to
P — Py = uo(Py — P2) + u1(py — Pa) (2)

The vectors p, — p, and p; — p, are linearly independent because they are two edges of the same triangle,
which guarantees the linear system has a unique solution for ug and u;. Dot these vectors with equation (2)
to obtain the linear system of equations

(Po —P2) - (P —P2)  (Po — P2) - (P1 — P2) u | | (Po—p2) (P—P2) 3)
(Po —P2) - (P1 = P2)  (P1—P2) - (P1 —P2) (0 (P —p2) - (P—P2)
Although it is simple to solve the equation algrabraically, the solution can be written geometrically as
_ Area(p,p;,Ps) _ Area(py, p, ps) _ Area(py, Py, P)
e M L @)
rea(py, P1,Pa2) Area(py, p1,P2) Area(py, Py, P2)

where Area(-,-,) is the area of the triangle formed by the input points.

Given two points q, and g, the difference is a vector A = g; — qo. With respect to the aforementioned
triangle with vertices p;, let (ug,u1,u2) be the barycentric coordinates of q, and let (vg,v1,v2) be the
barycentric coordinates of q;. Define d; = u; — v;; then

A = q,—q
= (uopy + u1p; + u2p,) — (Vopy + ViP; + V2ps) 5)

= (uo —vo)po + (ur — v1)p; + (u2 — v2)py
= dopg +dip; +dop,y, dog+di+dy =0

The coefficients (do, d1,ds) are referred to as the barycentric coordinates of the vector A with respect to the
triangle. The sum of barycentric coordinates for a point is 1 and the sum of barycentric coordinates for a
vector is 0.

2.2 Inscribed Centers

Let a triangle have vertices p,, p;, and p,. The inscribed circle has radius r and center ¢ = uopy+uip; +u2p,
for barycentric coordinates (ug,u1, us). The subtriangle (¢, p;, p,) has base length |p; — p,| and height r, so



its area is Area(c, py,Py) = |P; — Po|r/2. Similarly, the two other subtriangles have areas Area(py, ¢, p,) =
|po — p2lr/2 and Area(py,p,,¢) = |py — P1|r/2. The triangle area is the sum of the areas of the three
subtriangles, Area(pg, p1,P2) = (|[P1 — P2| + [Py — P2| + [Py — P1|)7/2. Using equation (4), The barycentric
coordinates of the center of the inscribed circle are

ug = |py —pal/(|p1 — P2| + Py — P2| + [P0 — P1])
ur = |py— pal/(IPy — P2| + |Po — P2| + [P — P1) (6)
uy = |py—pil/(Ip1 — P2l + [Py — P2| + [P0 — P1)

which are ratios of the lengths of the triangle edges to the triangle perimeter.

A ray from a triangle vertex p, to a center point bisects the angle formed by the two edges sharing p,. A
consequence is that the segment connecting the centers of two adjacent triangles must intersect the common
edge of the triangles at an interior point of the edge, a fact used in the subdivision algorithm. The proof is
as follows. If two adjacent triangles form a convex quadrilateral, the segment connecting the centers clearly
intersects the shared edge at an interior point. The intersection property is not as clear when the triangles
form a nonconvex quadrilateral such as the one shown in figure 1.

Figure 1. For adjacent triangles that do not form a convex quadrilateral, is it always true that the segment
connecting inscribed centers intersects the interior of the common edge?

P2
Co c1
/2 164/2
Po P1
Ps
The inscribed centers are ¢y and ¢;. Set up the intersection equations as
(1 —t)py +tpy = (1 —s)eo + scu (7)

The centers lie on different sides of the line containing the segment (p;,p,), so the segment (cg, c;) must
intersect the line for some s € (0,1). The line containing the common edge has origin p; and direction
Py — p;. The intersection of the segment (cg, ¢;) with the line must occur below p,, which implies ¢ < 1. If
we can additionally prove that ¢ > 0, then the segment connecting the inscribed centers must intersect the
interior of the common triangle edge.



In figure 1, the angle at p; between the edge direction vectors p, — p; and p, — p; is 0p. The vector ¢y — p;
bisects the angle 6y at p;. We know that 0 < 6y < 7, so 0 < 6p/2 < 7/2 and cos(0y/2) > 0. Similarly, the
angle at p; between the edge direction vectors p, — p; and p; — p; is 6;. The vector ¢; — p; bisects the
angle 01 at p;. We know that 0 < 61 < 7, so 0 < 61/2 < w/2 and cos(f1/2) > 0. In equation 7, subtract p;
and dot with py, — p; to obtain

s)co +sc1 —py) - (Py — Py)

(1-
(1 =s)(co —p1) +s(er —p1)) - (P2 — P1)

tlps —p1)* = (
(

= (1—s)leco — pyllpy — p1lcos(6o/2) + s[er — py||py — 1| cos(6:1/2)
0

>

The positivity of t|p, —p;|? is guaranteed because we know that s € (0, 1), cos(f/2) > 0, and cos(6;/2) > 0
Consequently, ¢ > 0 is guaranteed.

2.3 Bézier Triangles
2.3.1 Positions Using Barycentric Coordinates

Define a multiindex on three indices I = (ip,i1,i2) and define |I| = ig + i1 + ¢2. Consider a collection
of multiindexed points, each written as by = b, s, ,i,) Where |I| = n for some specified n > 0. In this
document, n < 2, so for simplicity of notation the point is written as b;,;,:,. The collection can be organized
as a triangular array. When n = 0, we have a single point bgpg. When n = 1, we have the triangular array

boo1 (9)
bioo  boio
When n = 2, we have the triangular array
boo2
bio1  boi1 (10)

baoo  bi1o  bo2o

The organization is chosen so that the bottom row corresponds to i = 0, the row above it i = 1, and finally
the row above that i; = 2. Within each row, the iy index decreases by 1 and the ¢; index increases by 1 as
you traverse the elements of the row. The pattern generalizes for n > 2.

Define the multiindices Ey = (1,0,0), E; = (0,1,0) and E5 = (0,0,1). Given a triangular array of points
br € R? where |I| = n, and given a barycentric coordinate u = (ug, u1,us), recursively define

by(u) = br, bj(u Zukb,wk (11)

where 1 < 7 < n and J is a multiindex with |J| = n —r. When r = n, the point b, ¢)(u) can be
written more concisely by omitting the multiindex, b" (u). This point is on a surface called a Bézier triangle



patch determined by the original array. The iterative algorithm of equation (11) is called the de Casteljau
algorithm.

When n = 1, we must have r = 1. The de Casteljau algorithm produces

up
bl(u) = béoo(“) = uobioo + u1bo10 + u2boo1 = | bigg bo1o boo1 U1 (12)

U2

When n = 2, the case relevant to the Cendes—Wong algorithm, the triangle array is organized according to
equation (10). For r = 1, the de Casteljau algorithm produces

bigo(w) = wuobago + urbiio + uzbior
boio(w) = wuobiio + urboao + uzborir (13)
booi(w) = wuobior + uiborr + uzboos

For r = 2, the de Casteljau algorithm produces
baoo b110 bio1 Ug
b* () = bje(u) = uobigy(w) + u1bgo(w) + uzbhy, (w) = [Uo U UQ} b110 bo20 bo11 uy (14)
b1o1 bo11 boo2 Ug

which is a quadratic function in the barycentric coordinates. Observe that the lower-triangular portion of
the matrix of equation (14) is not the same as the triangular array of equation (10).

2.3.2 Computing Heights for a Height Field

For a height field, the control points are of the form
bioiliz = (vioi1i27 hioiliz) (15)

where v;,;,:, are 2D domain points for all six 3D control points. To evaluate the Bézier triangle position at
a 2D domain point &, compute the barycentric coordinates for the point,

& = upva00 + U1V020 + U2V002 (16)

Subtract vgge and use us = 1 — ug — u; to obtain

Uo
§ —voo2 = [ (v200 — v002) (V020 — Voo2) =Mp (17)
Uy

where M is a 2 X 2 matrix whose columns are the domain-point differences and p is a 2 x 1 vector whose
rows are ug and u;. Solve the linear system for

.
[uo ul} =p=M"€—-vop2), us=1—ug—1u (18)



The Bézier triangle 3D surface point is the right-hand side of equation (14). The height at £ is

haoo  hi1o  hio1 Ug
h(E): up Ul U2 hiio  ho2o hoi1 Ui (19)
hio1  hoir  hoo2 Uz

2.3.3 Derivatives Using Barycentric Coordinates

Let b(u) define points on a surface parameterized by barycentric coordinates w = (ug, u1, uz) with ug +wu; +
ug = 1. The Bézier triangle is one such surface. The surface is 2-dimensional, so a typical parameterization
involves 2 variables, l;(uo, uy) = b(ug, ur,uz) = blug, u1,1 —ug —up). The first-order partial derivatives of b
are tangent vectors to the surface. Using the chain rule,

by, = 8b/dug = db/Aug — db/Auy = by, — by,

~ N (20)
bu1 = Bb/(‘?ul = 8b/8u1 - 8b/8uz = bu1 - bu2

where the notation y, denotes the first-order partial derivative dy/dv. Using the chain rule again, the
second-order partial derivatives of the surface are

i)uouu = buouo - 2buou2 + bu2u2
Buoul = buoul - bug’u.g - bu1u2 + buQUQ (21)
Bulul = bu1u1 - 2bu1u2 + bu2u2

where the notation y,, ,, denotes the second-order partial derivative 9y /dvodv;.

Assuming the common case that the first-order partial derivatives are linearly independent tangent vectors,
the tangent plane at a point is the span of these derivatives. A tangent vector is a linear combination

do
- . do
(6. o, | 1= [Buy buy bus | | di | = Dib(w) (22)
1 i
where dy = —(dy+d;) in which case dy+d; +do = 0; that is, a tangent vector is a barycentric combination of

the first-order partial derivatives of b. The last equality defines the first-order differential operator D} that
applies to surfaces parameterized by barycentric coordinates. The direction is specified by its barycentric
coordinates d = (dy, d1, d2).

The second-order directional derivative in a specified direction for the parameterized surface is

i) l~) d buouo buoul buoug dO
ugu ugu 0
[d() dl } [IN) o l~) o ] [d ] = |:d0 dl d2 :| bu1uo bu1u1 bu1u2 dl = Dzlb(u) (23)
ugu w1 u 1
o m buguo bugul bugug d2

The last equality defines the second-order differential operator Dfl that applies to surfaces parameterized by
barycentric coordinates. The direction is specified by its barycentric coordinates d = (dy, d1, d2).



A general formulation for directional derivatives of any order uses Bernstein polynomials and multiindices
I = (ig,i1,12),

Bi(d) = g dy’ dz’ (24)

ioli1lia!

where n = |I| = ig + i1 + i3. The r™-order directional derivative is

Dib(u) = Y 0'b(u)Bj(d) (25)

[I|=r

where I = (ig,i1,i2) and 9'b(u) = O1b(w)/Oul du' dul?. For a Bézier triangle b(u) = b™(u), the r*"-order
directional derivative is given in terms of de Casteljau iterates and Bernstein polynomials by

Dib" (u) = (nﬁ'), |1§:,b?_T(U)B;(d) (26)

For the quadratic case n = 2, the first-order directional derivatives of b*(u) in the direction d are

baoo biio biot do
Djb*(u) =2 [ Ug UL U biio bo2o bo1r dy (27)
bio1 boir  boo2 do

and the second-order directional derivatives of b®(u) in the direction d are

baoo bi1o bion do
D3V (w)=2[ dy di da || buo bown bon | | i (28)
bior boir  boo2 do

The second derivative is constant with respect to ug, u1 and us as expected for a quadratic function.

2.3.4 Computing Height Derivatives for a Height Field

The control points are of the form shown in equation (15). The 2D domain point £ has the barycentric
representation in equation (16). The matrix M and vector p are defined in equation (17) and p = (ug, u1)
is computed in equation (18) and then us =1 — up — ug.

The directional derivative of the Bézier triangle surface is provided in equation (27), but (dy,dy,ds) with
dy+d1 +dy = 0 is the direction vector in terms of barycentric coordinates. To compute the first-order partial
derivatives of h(&) with respect to the components of £, the barycentric coordinates for the direction vectors
must be selected to match the standard coordinate directions (1,0) and (0, 1) for €.

Define 2 to be the 2 x 1 vector representation for (1,0) and define 3 to be the 2 x 1 vector representation for
(0,1). The barycentric representation of ¢ is

1 = doV200 + d1V020 + d2V002 = do(V200 — Voo2) + d1(vo20 — Voo2) = M6 (29)



where M is the 2 x 2 matrix defined in equation (17) and 9 is the 2 x 1 vector representation of (do,d1).
The barycentric coordinates for 2 are § = M 12 with dy = —(do + d1). Observe that § is the first column of
M. Similarly, the barycentric reprsentation of 7 is

J = €g200 + €1V020 + €2V002 = €0(V200 — Voo2) + €1(Vo20 — Voo2) = Me (30)
where € is the 2 x 1 vector representation of (e, e;). The barycentric coordinates for 3 are € = M '3 with

ea = —(eg + e1). Observe that € is the second column of M 1. The two equations can be combined into

[6 c]=m (31)

The Bézier triangle 3D derivative vector is given by the right-hand side of equation (27) for w- and d-
barycentric coordinates. Considering only the heights, expand the equation

haoo  hiio  hiot

Dy(u) 2uT | hi1o hozo hon | d

hio1  hoir  hoo2

haoo P10 hio1 dy
= 2 [ Up U1 U2 hito  ho2o honn dq
hior  hoir  hoo2 —(do +d1)
(32)
- T
ughago + u1hi10 + ughi01 do
= 2| wphiio + urhozo + u2ho11 dy
i ushio1 + u1ho11 + u2hoo2 —(do + dy)
- T
_ ug(ha2oo — h1o1) + w1 (h110 — ho11) + u2(hio1 — hoo2) do
i uo(h110 — h1o1) + w1 (ho20 — ho11) + u2(ho11 — hoo2) dy

Let V be the 1 x 2 gradient operator with respect to the components of & = (£, &1); then
Vh(§) = | on(e)/ac oh(e)/o |

T

uo(hogo — h +uy(hi10 — h + ug(hig1 — R
_ 4 0(h200 101) 1(h110 011) 2(h101 002) -1 (33)

uo(h110 — h1o1) + w1 (ho20 — ho11) + u2(ho11 — hoo2)

= 2[)\0 Al}M*1

where the last equation defines A\g and Ap.



2.3.5 Derivative Continuity on a Shared Edge

A comprehensive development of derivative continuity on the common boundary between two adjacent
triangular patches is provided in [3]. The main result is that derivatives through order r of b"(u) depend
only on the shared row of control points on the boundary and the r rows of control points adjacent to that
boundary. I discuss only the cases relevant to the quadratic interpolation, namely, » = 0 and » = 1. Figure 2
illustrates two adjacent triangle patches. The top patch has control points by and the bottom patch has
control points by.

Figure 2. The domain triangles for adjacent Bézier triangle patches are shown here. The 3D control points
shared by the two patches are bago, b110 and bozo. The first row of adjacent control points for the top patch
are big; and bg1;. The first row of adjacent control points for the bottom patch are b101 and b011

booz

By1g B

baoz

The figure shows a top-down view of the triangles (bago, bo2o, boo2) and (Bgoo, 3020, 3002>, but the two triangles
are generally not coplanar.



Using equation (14), the patches define two quadratic functions, one for each domain triangle,

baoo  bi10  bio up
b2(u) = [ Up U U2 biio bo2 bon u1 (34)
| bion boir booz | | w2 |
where ug + u1 +ug =1 and
b0 b0 bion U
32("7) = [ Up Uy U biio boo  bon uy (35)
i biot bou booo 1L U |

where g + u; + Uz = 1. The graphs of the functions terminate in quadratic curves when us = 0 and 4y = 0,
which occur at the shared edge of the domain triangles. The quadratic curves are guaranteed to be the same
when the control points are the same,

b200 = bo20, bi10 = b110, bo20 = ba20o (36)
in which case the surface for the pair of patches is continuous along the shared edge.

Establishing conditions for the continuity of the derivatives along the shared edge requires more work.
Effectively, we must reparameterize b(4) in terms of u in order to compute the derivatives of b(w) in terms
of u rather than u. The approach uses the concept of domain triangles that live in 2D (the domain plane),
whereas the triangle patch lives in 3D. Imagine a triangle in the domain plane, say,(200, €20, Zoo2) With
barycentric coordinates that define points @(u) = up®a00 + w1To20 + U2xoo2. The domain triangle maps
naturally to the 3D triangle <b200, bogo, b002> by bl( ) = UObZOO +uq b020 +U2b002 Slmllarly, <.’13200, 020, .’1}002>
is a domain triangle with barycentric coordinates u that maps t to the 3D triangle <b200, b020, b002> that is,

(W) = ToT200 + U1 Zoz0 + UaBooz Maps to b (W) = Tobaoo + U1bozo + Uzbooz-
Figure 2 shows the x-triangle as the top patch and the Z-triangle as the bottom patch. First, we can write
Zoo2 as a barycentric combination of the vertices of the top domain triangle,

Zoo2 = VoT200 + V1&020 + V2Zo02 (37)
for some (vg,v1,v9) with vg +v; + vy = 1 and vy # 0. The last condition is a consequence of Zope living
strictly outside the top domain triangle. Second, a point Z in the bottom domain triangle can be written as

T = o200 + U1To20 + U2To02, barycentric combination in bottom domain triangle
= WUoTo20 + U1x200 + U2Zoo2, using equation (36)
= Uoxo20 + U1Z200 + U2(Vox200 + V1To20 + V2Zoo2), using equation (37) (38)
= (U1 + Tavo)T200 + (Uo + Uzv1)Toz0 + (U2v2) X002
= uo®200 + U1T020 + U2To02, barycentric combination in top domain triangle

Therefore,
(%7@1,&2) = (U1 - U2v1/v27u0 - U2U0/027u2/7)2) (39)

Let A = dyxagg+di12020 +doxgo2 be a direction vector for which we want to evaluate the derivative Dclib2 (u),
where d = (do, d1, d2) are the barycentric coordinates of the direction with respect to the top domain triangle

11



with dg + d1 + dy = 0 and ds # 0. The direction can be written as a barycentric combination with respect
to the bottom domain triangle, A = doZ200 + d1Zo20 + d2Tgo2 where d = (do, dq, dg) with dg +d; +dy =0

—~ ~2
and do # 0. We can use this to evaluate the derivative D(lib (u). Using the same argument as in equation
(38), the barycentric coordinates for the direction vector are related by

(6?0,6/1\1762\2) = (d1 — dav1/v2,do — davo/v2,d2/v2) (40)

The goal now is to determine conditions on the control points for which the derivative

baoo biio biot do
Dde(u) =2 [ Up U U2 ] biio boo bon dq (41)
bior boir  boo2 da

and the derivative

bao biio bior do
~2 R R N R
Dgb (u) =2 { Ug Uy Uz } bi1o bo2o bo1: dy (42)

b101 bOll b002 d2

are equal for every point on the shared edge uys = 0 = up. Parameterize the shared edge by uy = ¢ and
u; = 1—t for t € [0,1]. Using continuity along the shared edge, the parameterization for that edge, equation
(39) and equation (40),

baoo  bi1o bior do
[t 1-—1¢ 0} biio boo bon dy

bio1  boir  boo2 do
(43)
bozo b0 bion dy — vida/v2
=|1-t ¢t 0 } biio bao bonr do — vodz /v2
8101 5011 3002 da/va

which can be rearranged to obtain a linear polynomial equation ¢y + ¢t = 0 which must be true for all
t € [0,1]. This implies both vector-valued coefficients must be zero,

0 = ¢y = v2bg11 + v1bo20 + vob110 — bio1 (44)
0 = c; = —v2bp11 — v1bo20 + v2b101 — vobi10 + V1110 + vob200 — bo11 + bio1

The solution is R R
bo11 = vob2go + v1b110 + v2bio1, bio1 = vobi1g + v1bo2o + v2bo11 (45)

Figure 2 shows two pairs of subtriangles. Each pair is referred to as an affine pair. A given pair of subtriangles
is coplanar, but the two planes for the two pairs are generally not the same plane. The use of the term
affine refers to bgpz, bp11 and byp1, all using the same barycentric coordinates (vg, v1, v2) relative to the top
domain triangle. I coined the phrase that the subtriangles are coaffine. Equations (36) and (45) guarantee
that the first-order derivatives are continuous over the joint domain.

12



3 Globally C' Quadratic Height Field of Form h = f(x(,z1) without
Local Control

Equation (45) indicates that for a general triangle patch, there are 3 control points that can be arbitrarily
chosen in the top triangle patch of figure 2. Once chosen, the 2 remaining control points in the bottom
triangle patch are determined. However, more constraints are necessary when the patches are built for a
height field. In the general case, b011 and b101 move about in space as the values of bi1g, b1p1 and by
are modified. The projection of bo11 onto the domain triangle is not necessarily on the edge (@200, Zoo2)-
Similarly, the projection of 5101 onto the domain triangle is not necessarily on the edge (@20, Zoo2). To
ensure that the projections are on the appropriate edges of the domain triangles, consider the following
argument.

Let Zg11 be the projection of 5011 onto the domain triangle and let Z19; be the projection of 5101 onto the
domain triangle. To be on the edges, we need

Zo11 = (1 — a)@200 + @02, 101 = (1 — B)xo20 + LZoo2 (46)

for some « € (0,1) and 8 € (0,1). Let the projections of b; onto the domain plane be x;. We require that
the projections lie on the appropriate edges of the domain triangle; that is,

110 = Y200 + (1 — ¥)To20, X101 = 002 + (1 — 6)X200, To11 = X020 + (1 — €)T002 (47)

for some v € (0,1), § € (0,1) and € € (0,1). We then have

ZToi1 = Vo200 + V1110 + V2T101
= wpEa00 + V1[yZ200 + (1 — 7)Xo20] + v2[dT002 + (1 — §)T200]
= [ug +yv1 + (1 = §)va]xaeo + [(1 — Y)v1]Eoz0 + [dv2]Teo2
Zonn = (1 — )00+ aZoo2
= (1 —a)x200 + a(voT200 + V1020 + V2T002)
[(1 — @) + avolxao + [av1]@o20 + [va]Tooe

Equating the coefficients of the two equations involving Zg1 leads to § = a = 1 — . Substituting this into
the edqe equations (47), we obtain

X110 = 0020 + (1 — 8)@200, X101 = dTo02 + (1 — §)X200 (49)

Subtracting the two equations,
x110 — T101 = 6(To20 — T002) (50)

which says that the edges (€110, 101) and (20, Zoo2) are parallel. Therefore, the subtriangle (200, €110, €101)
and the original triangle (@200, 020, Too2) are similar triangles.

The construction can be applied to the other cases to show that

e The triangles (z200, 020, T002), (T200, €110, €101) and (T110, To20, To11) are similar.

o The triangles (Z200, 020, L002), (200, 110, Z101) and (Z110, o0, To11) are similar.
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For derivative continuity of a height field formed by triangle patches, we need the aforementioned similarity
of triangles in addition to the constraints of equations (36) and (45).

In the general case for two adjacent triangle patches, we can freely choose the 3 control points bi10, bio1
and bgi1, after which b101 and bou are determined according to the construction presented here. In the
height-field case, we can freely choose only 1 control point, say, bi1g, after which byg1, bo11, b101, and b011
are determined.

The degree of freedom in the height-field case is lost when a triangle in the mesh has at least 2 adjacent
triangles. Figure 3 illustrates the problem.

Figure 3. Consider three domain triangles that define a piecewise quadratic height field. Domain triangle
Ty has two adjacent domain triangles, 77 and 75. The colored subtriangles are attempts to subdivide the
domain triangles to achieve a globally C' quadratic height field.

Xy
To

Ty
X %

To ensure C! continuity along the shared edge (xg, z2) of Ty and T}, the previous construction allows us to
choose any point on that edge as part of the subdivision. The figure shows a choice of (3xg + x3)/4. The
blue edges of T, are chosen to satisfy the similar-triangle condition required for C' continuity of the height
field along the shared edge; those edges in T emanating from the shared-edge point are parallel to the other
edges of 1. Triangle Ty has 2 blue edges and 1 purple edge emanating from the shared-edge point. These
edges form the subdivision of T} that satisfies the similar-triangle condition of Tj required for C'' continuity
of the height field along the shared edge. The blue and purple edges emanating from the shared-edge point
are parallel to the appropriate edges of Tj.

On the other hand, consider the shared edge of Ty and Ty. To obtain C' continuity along the shared edge
of Ty and T}, we are forced to use the point (as shown) of that edge. The red edges of T are those that
must be chosen for the subdivision of T5 in order to satisfy the similar-triangle condition; the two red edges
emanating from the shared-edge point are parallel to the appropriate edges of T5. Likewise, the edges of the
subdivision of Ty emanating from the shared-edge point must be parallel to the appropriate edges of Tj. One
of them is colored red, the other purple. The purple edge is the same as the one generated by C' continuity
along the shared edge of Ty and T}; however, the red edge is not the same as the blue edge generated by C!
continuity along the shared edge of Ty and T;. Therefore, it is not possible to achieve global C! continuity
using the originally chosen shared-edge point.

The adjacent triangles 77 and T5 require T to have the 3 edges of the interior subtriangle parallel to the
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appropriate edges of T. The only way this can happen is if we choose the midpoints of the edges for the
subdivision. Figure 4 illustrates this.

Figure 4. Consider three domain triangles that define a piecewise quadratic height field. Domain triangle
Ty has two adjacent domain triangles, T} and T5. As long as we subdivide using edge midpoints, we can
construct a globally C'! quadratic height field.

Xy
my my
ms
X3
Mg X3 mg

my

X Xy
my

No matter how many triangles are in the mesh, the similar-triangle conditions are satisfied for all triangles
using subdivisions that involve only the edge midpoints. Each set of colored domain triangles represents the
coplanarity of the 3D triangles. The light yellow triangles are an affine pair and the lime triangles are an
affine pair. The vertex x5 is part of two affine pairs that are colored lavender, so all three subtriangles are
coplanar. The light turquoise triangle and the rose triangle are not members of affine pairs.

Generally, a consequence of the edge-midpoint subdivision is that the domain portion of the interpolation is
actually linear, not quadratic. To see this in the example, consider triangle T; that has vertices xg, 1, and
2. The domain portion of the interpolation is

[ Ty Mg My ug
z(u) = {Uo Uy u2} mg Xy My u1
m; my Us
T2 (o +22)/2 (@1 +X2)/2 g
z(u) = {Uo uy u2} (o +x2)/2 Zo (o +2x1)/2 uy (51)
| (@1t 22)/2 (@0 +21)/2 x1 Uz

= wdzy +ulmy + udzy + uour(xo + x2) + ugua (T + T2) + Urus(To + T1)
= ug(up + uy + uz)®a + uq (up + w1 + uz)@o + uz(up + w1 + uz)x;

= UgT2 + U1y + U2T1
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where I have used the barycentric property that ug + uy + us = 1. Without the reduction, you can view the
quadratic polynomial representing the domain variables as degree elevation of the linear polynomial. The
height portion of the interpolation is quadratic and, generally, not reducible to a linear polynomial unless
all the 3D control points are coplanar.

Let the known positions and heights in figure 4 be named (x;, f;) for 0 < i < 4. The midpoints are labeled
m; for 0 < j < 6. The heights at the midpoint are named h; and are unknowns to be determined. Let
the normal vectors to the purported tangent planes to the surface at the (x;, f;) be named (IN;, —1), where
N; € R2. The normals are not necessarily unit length vectors, so the components of IN; can be considered
to be the first-order partial derivatives of the height field; that is, N; = V f;. The planes at the vertices are
represented algebraically by z = N, - (& — «;) + f;. The unknown heights are determined by

ho = No-(mg—xo)+fo = Ni-(mo—z1)+ fr
hi = Ni-(mi—z1)+fi = Nz (mi—z2)+ fo
ho = Ny-(meo—x3)+fa = Nz -(me—ax3)+ f3
hy = Nz-(m3—x3)+fs = Ny-(mzg—x4)+ fa (52)
hy = Ny (myg—zs)+fi = Na-(my—x2)+ fo
hs = Ng-(ms—z4)+fi = No-(ms—z0)+ fo
he = No-(mg—xo)+fo = Nz (mg—x2)+ f2

These provide 7 linear equations in the 10 unknown components of IN;, so we expect to have 3 degrees of
freedom for those components.

The degrees of freedom are better understood geometrically. Suppose we choose N arbitrarily, using up 2
of the 3 degrees of freedom. The tangent plane at x¢ is now known, which in turn determines the heights hg,
hs and hg because the points (myg, ho), (ms, hs) and (mg, he) are on that plane. Now consider the tangent
plane at &4. We know that (x4, f1) and (ms, hs) are on that plane, which means that one of the components
of N4 is determined. The other component is yet unknown, because the plane can rotate about the line
containing the two known points on the plane. Choose that component (or choose a linear equation relating
the two components), which uses the last of the degrees of freedom. The plane at x4 is known, which in
turn determines the heights h3 and hy because the points (mg, hs) and (my, hy) are on that plane.

The points (s, f2), (M4, hs) and (mg, he) are all known, which determines the tangent plane at xs. In
turn, this plane determines hy and hs because the points (mq, h1) and (mq, hg) are on that plane. Finally,
we now know the points (mq, ho), (x1, f1) and (mq, hq), which determines the tangent plane at ;. And we
now know the points (maq, ha), (3, f3) and (ms, hs), which determines the tangent plane at xs.

To illustrate using the triangles of figure 4, let (xg, fo) = ((0,0),0), (x1, f1) = ((2,0), 3), (22, f2) = ((2,1),4),
(z3, f3) = ((5,1),1) and (x4, f1) = ((0,3),2). Choose No = (1,1) and N; = («, 3) where a+ = 1. Figure 5
shows the graph of the globally C! quadratic height field satisfying the aforementioned conditions.
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Figure 5. Two views of the graph of a C' quadratic height field without local control. The domain of the
height field is shown in figure 4.

4 Globally C' Quadratic Height Field of Form h = f(zg,z;) with
Local Control

The example of the previous section is unappealing in that there are 3 degrees of freedom, forcing you to
choose that freedom by selecting a normal vector at one vertex and imposing an arbitrary condition in order
to determine the normals at the remaining vertices. More desirable is to have an algorithm that is symmetric
in that each sample point has the same type of information. This can be accomplished by subdividing the
triangles that occur in the domain triangulation of the samples in order to obtain more degrees of freedom.
Some derivative information is required, even in the example of the previous section, so our goal is to have
a set of samples of the form (z;, fi, V f;).

As a first attempt at subdivision, choose an interior point of a triangle and subdivide the triangle into 3
subtriangles by connecting the interior point to the 3 vertices. Each subtriangle is itself subdivided into
4 subtriangles using edge-midpoints for the subdivision. Figure 6 (a) shows the subdivision for a triangle
(xo, 1, x2) drawn using thick black lines. The interior point is ¢. The first level of subdivision is drawn
using blue lines. The m;; are the midpoints of the edges of the original triangle. The p, are the midpoints
of the edges on which they live. The second level of subdivision is drawn using red lines. The samples
are (x;, fi, V f;) for 0 < i < 2. The tangent planes are therefore determined at the vertices of the original
triangle. The colored regions indicate the subtriangles that are coplanar because of the coaffinity condition.

In figure 6 (a), the tangent plane at xy determines the heights at mg; and mg2, the tangent plane at x;
determines the heights at mg; and mq2 and the tangent plane at &, determines the heights at mio and
M2, all overconstrained problems.

In figure 6 (b), the problem is remedied by subdividing the original triangle into 6 subtriangles which are
drawn using blue lines. Each of the 6 subtriangles is further subdivided using midpoints of edges, and these
subtriangles are drawn using red lines. As we will see, the heights at the subdivison points are properly
constrained.
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Figure 6. (a) An attempt at subdivision to introduce more degrees of freedom in fitting the original
triangle with a globally C' quadratic height field. The attempt fails because the heights h;; at m;; are
overconstrained. For example, the point (11, hp1) must be a point on the two independent tangent planes at
o and 1. (b) An attempt at subdivision to introduce more degrees of freedom in fitting the original triangle
with a globally C'' quadratic height field. The attempt succeeds because the heights at the subdivision domain
points are properly constrained.

X3 X3

Mgy

(a) invalid subdivision (b) valid subdivision

4.1 Subdivision for a Single Triangle

The subdivision and height-fitting algorithm is described next and is the material presented by Cendes and
Wong [2]. Choose an interior point ¢ for the triangle. In barycentric coordinates,

C = UgZy + UIT1 + U2T2 (53)

for u; € (0,1) with ug + u1 + ue = 1. Choose interior edge points ey, e; and ez which are not required to
be midpoints of the original triangle’s edges. In barycentric coordinates,

€e; = (1 — sl)wl + SiTit1 (54)

for some choices of s; € (0,1) and where the index i 4+ 1 is computed modulo 3. The remaining subdivision
domain points are midpoints of various line segments,

pi=(mi+c)/2, q;=(e;+0)/2, Ti=(w;i+e)/2, & =(x;+ei2)/2 (55)
where the index i + 2 is computed modulo 3.

Let f(x) be the height field with gradients V f(x). The user-specified heights at the triangle vertices are
fi = f(x;) and the user-specified gradients of the height field at the triangle vertices are V f; = V f(x;).
The tangent planes at the vertices are defined algebraically by

hi(x) =V fi-(x—x;) + fi (56)
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In the construction, the height assigned to a domain point y is denoted by Hy.

The heights at the domain points «; of the triangle vertices are

H:Bi = hi(iL‘i) = fZ (57)
The height values for the domain points adjacent to the x; are
Hp, = hi(p;), Hp, = hi(t;), Hr, = hi(r;) (58)

The plane containing the points (p;, Hpi) determines the heights at g, and c. Using similarity of triangles,

2

q; = (1= 8i)p; + 8iPiy1, €= Zuipi (©)
i=0

where the index ¢ + 1 is computed modulo 3. Consequently,

2
=0

Each edge point e; lies in a triangle determined by neighboring £-, r- and g-points, so the heights at the
edge points are determined by heights at the neighboring points. Using similarity of triangles,

e;, = (1 — si)ri + si&-H (61)
where the index i + 1 is computed modulo 3. Consequently,

Hel = (1 — Si)H’I”j + S¢H£’i+1 (62)

The subdivision of the full triangle has 6 subtriangles to interpolate. These are labeled Ty through T3 in
figure 6 (b). The domain control points for the subtriangles are listed next with b;; in equation (14).

T | bago biio bior bo20 boir ooz

0|c Py gy To To ey

1 |ec aQ P e 4 T

2 |c P 41 xT T1 e (63)
3 |c q, D, e £ T2

4 |c Dy q, T2  To ey

5 ¢ g, Py e 4 g

For C' continuity between triangles Ty and T}, it is necessary that the pair of rose-colored triangles and
the pair of violet-colored triangles in figure 6 are coaffine. That is, £; = wvoey + vi1qy + varo and p; =
Vg + vic + vap, for the same set of barycentric coordinates (vg, v1,v2). Some algebra verifies this. First,
wo = wo€y + v1qy + v2ro — £1
= wpep+vi(c+eq)/2+ va(xo+e€9)/2 — (g + x1)/2
(1}2/2)2130 — (1/2)331 + (1}0 + ’01/2 + ’02/2 — 1/2)60 + (1}1/2)C
(v2/2)xo — (1/2)21 + (v0/2)€0 + (v1/2)e

(64)
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Second,
w; = vpqy+ vic+ V2Py — P
= wvo(c+ep)/2+vic+va(xg+¢)/2 — (21 + €)
= (v2/2)xg — (1/2)x1 + (vo/2)eg + (vo/2 + v1 + v2/2 — 1/2)c
= (v2/2)xo — (1/2)x1 + (v0/2)ep + (v1/2)c

It is the case that wg = 0 and w1 = wy, so w; = 0 and the pairs of triangles are coaffine. A similar algebraic
argument applies to show that C! continuity occurs at the shared edges for Ty and Ty, for Th and T3, for T
and Ty, for T4 and T and for T5 and Tj.

(65)

Using the previous construction, figure 7 shows the graph of a C' function for a single triangle. The input
values are
xo = (0,0), fo=1, V fo = (+123/1000, +456/1000)

@ =(1,0), fi=2,  Vf = (-789/1000,+321/1000) (66)
@y =(0,1), fo=3/2, Vf,=/(—654/1000,—111/1000)

The point c¢ is the center of the inscribed circle of the triangle. In the following equations, define A = 2 —+/2,
c=(N2,)/2), upo=1—X, ug =uz=AX\/2 (67)
For a single triangle, the midpoints of the edges are used for the subdivision,
so =8 =82=1/2, eg=(1/2,0), e1 =(1/2,1/2), ex = (0,1/2) (68)
The other edge points in the subdivision are
ro = (1/4,0), r1=(3/4,1/4), ro=1(0,3/4), £o=(0,1/4), £ = (3/4,0), £> = (1/4,3/4) (69)

The interior points in the subdivision are

Po = (A/4,M/4), P = ((2+A)/4,A/4), Py = (A/4,(2+)/4) (70)
qo = (L +X)/4M4), g =((1+X)/4,1+A)/4), g = (N4, (1+X)/4)
The heights at the domain points are

Hy, =1, Hy, =2, Hy, =3/2

Hp, = (5158 — 579+/2) /4000, Hy = 557/500, Hyp, = 4123/4000

Hp = (4321 + 2344/2) /2000, Hy = 8789/4000, Hy, =911/400

Hp, =51(92 + 15/2) /4000, Hyp, = 5457 /4000, Hy, = 6111/4000 (71)

Hg, = —3(—4600 + 37+/2)/8000, Hg = (13334 + 1233+/2) /8000, Hgq, = (4925 + 93+/2) /4000

He, = 807/500, He, = 14567/8000, He, = 10567/8000

He = (5785 + 3031/2) /4000
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Figure 7. The graph of a C' function for a single subdivided triangle using the Cendes—Wong construction.
The graph is red for triangle T}, green for triangle 77, orange for triangle T5, blue for triangle T3, yellow for
triangle Ty, and purple for triangle T5.
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4.2 Subdivision for Two Triangles Sharing an Edge

The previous section determines the subdivision points and heights that lead to a C! quadratic height field.
However, it must be proved that two adjacent triangles, both subdivided accordingly, form a C' quadratic
height field. Figure 8 shows two such triangles. The figure has labels only for the subdivision domain points
that affect the derivative continuity.
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Figure 8. Two adjacent triangles whose subdivisions form C! quadratic height fields, which requires the
first-order derivatives match along the shared edge.

The triangle vertices xg, 1, 2, and x3 are known points. The edge points eg1, eg2, €13, and es3 are also
known points.

The centers of the inscribed circle for the triangles are ¢y and ¢;. The domain point equations for the shared
edge of the triangles are

ern=(1—t)eg+tey = (1—8)x1 +sz2, a1 = (e1a+x1)/2, az = (e1n+x2)/2 (72)
for some ¢t € (0,1) and for some s € (0,1). The domain point equations for the left triangle are
p1 = (co+m1)/2, py = (co+m2)/2, qg=(co+eiz)/2 (73)
The domain point equations for the right triangle are

wi = (¢ +£L’1)/2, wo = (Cl + 332)/2, q, = (Cl +e12)/2 (74)
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The heights at these domain points are

Hg, = f1, Hg, = f2
Hp =Vfi-(py—z1)+fi, Hp,=Vfa(py—x2)+ fo
Hw, =V fi- (w1 —21)+ fi, Hw,=Vfa (wa—x2)+ fo
Ha, =Vfi-(ai —x1)+ fi, Ha,=Vfa(az—x2)+ fo
Hg, = (1—s)Hp, +sHp,, Hq = (1 - s)Hw, + sHw,
He,, = (1 —s)Ha, + sHaq,
For a 2D domain point y, define Ky = (y, Hy) to be the corresponding 3D control point.

The domain point ey is the intersection of the shared edge (x1,x2) and the segment connecting the interior
domain points (¢, ¢). To ensure that the intersection exists no matter what pair of triangles is considered,
we can choose ¢y and ¢; to be the centers of inscribed circles for the triangles. The proof of existence
of the intersection was given in Section 2.2. We can therefore write the intersection point as barycentric
combinations,

e =(1—t)ep+ter =(1—1t)qy +tqy (76)
for some t € (0,1). The last equality uses gy = (co + e12)/2 and q; = (c1 + e12)/2. The height at ey is

H€12 = (1 - S)Hal + SHCLQ
(1—=5)[Vfi-(a1—x1)+ fL] + 5[V fo- (a2 — z2) + f2] (77)
= (1-3s)[Vfi-(er2—x1)/2+ fil + 5[V f2- (€12 —x2)/2 + fa

The height at g, is
Hq, = (1-s)Hp, +sHp,
= (1=9)[Vfi-(pr—@1) + fil + 5[V fa: (py — w2) + f2] (78)
(1) [V o~ @)/24 fi] + 5[V o+ (co - @2)/2+ fo
The height at g, is

Hq, = (1 - s)Hw, + sHw,
= (1-9)[Vfi-(wy—x1)+ fi] + 5[V o (wg —x2) + fo] (79)
= (1=9)[Vfi-(c1—x1)/24+ fi] + 5[V f2-(c1 —22)/2 + fo]
Combining the last two heights,

(1-t)Hq, +tHq, = (1-1)(1-5)[Vfi-(co—21)/2+ fi] + 5[V f2:(co—x2)/2+ fo]
+t(1=s)[Vfi-(e1 —x1)/2+ fil + s [V 2 (e1 — @2) /2 + f2]
= (=) [V (1=t +ter — (1 — Oy — twr)/2+ (1 — ) 1 + tf1]
+s[Vfa- (1 =t)eg+tey — (1 —t)xa —twa) /24 (1 —t) fo + tfs)
= (1-=9)[Vfi-(er2—x1)/2+ fil] + 5[V [f2- (e12 — x2)/2]
= He,,

(80)
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In terms of the control points, equations (76) and (80) imply
Ke,, = (e12,Hey5) = (1 —t)go +tqy, (1 —t)Hq, +tHq,) = (1 -t)Kgq, +tKq, (81)

which proves that the control points Ke,,, Kq , and Kgq, are colinear. We also know that Ke,,, Ka,,
and Kq, are colinear. Therefore, Ka,, Ka,, Kq,, Kq,, and Ke,, are coplanar.

Observe that p; = (¢ + x1)/2, w1 = (e1 + x1)/2, so

(1—t)p; +twy =1 —t)(co+x1)/2+t(c1 +x1)/2 = (e12 +x1) = a1 (82)
The points Kg,, Kp , Kw,, and Kg, are coplanar, so
Ha, = (1 -t)Hp, +tHw, (83)
A similar argument shows that
Ha, = (1 —t)Hp, + tHuw, (84)

The derivative continuity along the shared edge requires the coaffinity of the two pairs of triangles adjacent
to the shared edge, Specifically,

le = ’U()Kml +’U1Ka1 +1)2Kp1
qu = U()Kal + ’l)l.[{el2 + ’UQKqO (85)
Kw, = vwKgz,+v1Ka,+v2Kp,
qu = 1}0Ka2 + U1K612 + UQKqO
for vg + v1 + vo = 1. To prove this, let
Co = UpTo + UIT1 + UT2 (86)
Cl = 21T, + 292 + 2373

where ug +uy +ues =1, u; >0, 21 + 20 + 23 = 1, and z; > 0.

Consider first the domain vertex equations corresponding to equation (85) and note that vy + v1 + vy = 1,

Ag = vox1+via1 + v2p; — w1 (87)
= 3 ((uovo)xo + (vo + v1 — V1 + ULv2 — 21)®1 + (SV1 + UV — 22) @2 — 233)
and
A; = wya; +vies +v2qy —q (88)
— % ((uovo)xo + (Vo + v1 + U1v2 — sV1 — 21)x1 + (5U1 + U2 — 22) T2 — 23T3)
Consequently, Ag — A; = 0. The heights at the domain vertices follow a similar pattern,
50 = ’Uonl + 'UlHal + U2Hp1 - le
= vw(fi+ Vi -(®—x))+ (fi+ V(a1 —x1))+ (1 + Vi (p, — 1))
— (i + Vi (w —=)) (%)
= (vo+v1+ve—1)f1 + Vfi-(vox1+via1 +vap; —wi) — (vo +v1 +v2 — )Ty
= Vfl . AO
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and

01 = woHa, +viHe,, +v2Hq, — Hq,
= v(fi+Vfi-(a1—z1))+(/r +Vfi(era—x1))+ (f1 + Vfi-(g— 1))
- (fi+Vfi-(qg— ) (90)
= (vo+wv1+v2—1)fi+ Vi (voar+viewr +v2qy—q;) — (vo +v1+v2 — 1)xy
= Vfi-4Ay

Consequently, do — 61 = 0. A similar argument applies to the other pair of triangles.

Figure 9 shows the graph of two adjacent triangle patches whose union is a C! continuous surface.

Figure 9. The graph of a C! function for two subdivided triangles using the Cendes—Wong construction.
The left-most triangle is that of figure 7. The right-most triangle shares a boundary curve of the left-most
triangle.
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The new vertex is @3 = (1,1). The function value at the vertex is f3 = 5/2 and the gradient value at the
vertex is V f3 = (3/4,1/2). The selected interior edge points occur at the edge midpoints. During testing,
these points were varied to ensure that the graph remains C.
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4.3 Selection of Center Points and Interior Edge Points

As shown in Section 2.2, the center points can be chosen as the centers of inscribed triangles. The consequence
is the following: The shared edge of two adjacent triangles is always intersected by the line segment connecting
the inscribed centers of the triangles. The Cendes—Wong algorithm is based on selecting the intersection
point as the interior edge point in the 2D Bézier net of domain triangles. The interior point of an edge not
shared by a two triangles is still arbitrarily chosen.

Consider figure 8 to motivate the construction of interior edge points on shared edges. We know that the
barycentric representation of ¢y relative to triangle (xg,x1,@1) is ¢ = woxo + ur@1 + usxs, where u; > 0
for all 4 and ug + u1 + us = 1. The center point ¢; also has a barycentric representation relative to the same
triangle, ¢y = voxg + vi®1 + Vox2, where vg + vy +v2 =1, vg < 0, v1 > 0, and vy > 0.

The edge intersection point is determined by
(1 —t)eg +ter = e = (1 — s)xy + sa (91)
Substitute in the barycentric coordinates for the centers and collect the x-terms to obtain
(1—=tug+tvg=0, (1—thug+tvy=1-3s, (1 —tug+tva=s (92)

The system has 3 equations in the 2 unknowns s and ¢, but the sum of the equations is a tautology (1 = 1),
so the system has rank 2. The solution is
Uo UpV2 — U2V

Uo — Vo Upg — Vo

We know that ug > 0 and vy < 0, so the denominator ug — vg > 0. From the geometry, the numerator
UU2 — UV > 0.

In the Geometric Tools implementation, the non-shared edges are chosen to have interior edge points at
the midpoints. In figure 8, this leads to eg1 = (o + ®1)/2, ep2 = (xo + x2)/2, €13 = (&1 + x3)/2, and
€93 = (iBQ + 183)/2

5 The Algorithm for Graphs of f(z,y, 2)

The Cendes—Wong algorithm can be extended to the interpolation of graphs of functions of three variables.

It is assumed that the 3D points have been tetrahedralized. Consider a tetrahedron whose vertices are V;,
0 <14 < 3. Let C be the center of the inscribed sphere for the tetrahedron. Let Fjj; be a point on the face
with vertices V;, V;, and V. If the face is shared with another tetrahedron, let Fj;; be the intersection of
that face and the line connecting the inscribed centers of the tetrahedra sharing that face. If the face is not
shared, let Fj;;, be the average of the vertices for that face. Let E;; be the midpoint of the edge joining
vertices V; and V; where ¢ < j. Such a consistent choice, when multiple tetrahedra share the same edge,
allows the construction of the Bézier net without having to analyze neighbor relationships. However, if only
two tetrahedra share the same edge, then any interior edge point suffices.

The tetrahedron can be subdivided into 24 smaller tetrahedrons, each having four vertices consisting of
C, a vertex V;, an edge point E;;, and a face point Fj;;. Figure 10 shows a typical tetrahedron and one
subtetrahedron.
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Figure 10. Subdivision of a tetrahedron with one of the subtetrahedron containing C.

Vo

Eqg2

Vi

Each face of a subtetrahedron is partitioned into four Bézier triangles by selecting the midpoints of each of
the edges. Figure 11 shows the labeling of those midpoints.
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Figure 11. Subdivision of a subtetrahedron from figure 10.

The equations relating all the labeled points are given below.

CFijk
EF

coVo+eVi+eaVo+esVa; ¢ >0, co+cir+ep+e3=1
foVi+ fiVi+ foVis fi 20, fo+ i+ fa=1

(Vi+V;)/2
(Vi + Ei5)/2
(Vi + Fijn)/2
(C+V)/2
(Eij +C)/2
(C+ Fiji)/2
(Eij + Fijk)/2
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1 equation
4 equations
6 equations
12 equations
12 equations
4 equations
6 equations
4 equations

12 equations

(94)



There are a total of 61 equations relating the points. The same number of equations relates the sample
values at those points. Compare this to the 19 values in the 2-dimensional case.

It is also assumed that at each vertex a function value and gradient have been specified. At vertex V; let
the function value be ¢y, and let the gradient vector be V¢y,. The remaining sample values will be denoted
¢p where P is one of the points mentioned previously. To guarantee derivative continuity at a vertex, the
Bézier net about that vertex must be covolumetric. This is possible by choosing

dve,;, = ovi+Voy - (VE; V)
PvE,. = v, +Vov - (VFEy—Vi) (95)
dcvi = ov, +Voy, - (C—-V))

From these equations and the barycentric relationships, it follows that

¢Fijk = fO¢VFijk + f1¢Viji + f2¢VF,ﬂ.j
pc = copcv, + c1ocv, + cadcv, + c3pov, (96)
bcry; = fodev + frdev, + f2a0cv;,

To guarantee derivative continuity along the edges, we need

¢Eij = (¢VEij + ¢VEji)/2 (97)

The 1/2 factor occurs because E;; was chosen as the midpoint between two vertices, so it is also the midpoint
between V E;; and V Ej;. Also note that qﬁEij must depend only on function values at V; and V; since it is
possible for arbitrarily many tetrahedrons to share an edge. Any dependence of an edge value on a particular
tetrahedron would invalidate the construction.

It is also necessary that the subtetrahedrons containing the edge between V E;; and V Ej; are covolumetric.

Define
OVE,; — PVE;

Vo = ——2-(VE; —VE; 98
The remaining sample values are determined by

bce,; = o¢p,; +Voi-(C— Ey) (99)

PEF,. = ¢B,; + Voij (EFj, — Eij)

The argument of coaffinity is the same as in the 2D case: covolumetricity and midpoint subdivision imply
coaffinity. However, this is more challenging to visualize since the covolumetricity refers to two 3-dimensional
tetrahedrons belonging to the same 3-dimensional hyperplane which lives in 4D.

6 The Algorithm for Surfaces

This section is a description of an extension of the Cendes—Wong algorithm to triangular meshes which are
not necessarily the graph of a function. If mesh is assumed to be sample from a parameterized surface
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(z(s,t),y(s,t), 2(s,t)), the mesh vertices are of the form V; = (x4, y:, 2i; 84, t;) where the vertex position is
(24, Yi, 2;) and the surface parameters (texture coordinates, so to speak) are (s;,t;). Each component x(s, t),
y(s,t) and z(s,t) is a height field of the surface parmemters. The Cendes—Wong algorithm can be applied
to each component separately to generate a globally C' interpolated surface.

If surface parameters are not know at the mesh vertices, they can be generated using concepts found in [1].
Of course, the topology of the mesh is important in selecting the parameterization algorithm.
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